Online Supplementary Material

Steffen Grgnneberg and Njal Foldnes

BI Norwegian Business School

The necessity of a discretization model

We here briefly motivate the importance of the discretiza-
tion framework for ordinal factor models.

There are three main ways to think about factor analy-
sis with ordinal data. Firstly, we may use a discretization
model, as discussed above. Secondly, we may use condi-
tional probability assumptions, such as the considerations
leading to the multivariate item response theory (IRT) model
as discussed in (Bartholomew, Steele, Galbraith, & Mous-
taki, 2008, Chapters 8 and 9). While we will not discuss
the IRT perspective in this article, we note that IRT mod-
els may usually be re-written as discretization models, see
Takane and De Leeuw (1987) and Foldnes and Grgnneberg
(2019, Appendix).

Thirdly, we may attempt to apply a factor analysis model
for continuous data directly to the observations. As Foldnes
and Grgnneberg (2021) showed mathematically, this may
work well under certain assumptions, but we need to be care-
ful about how we quantify the degree of success. In Foldnes
and Grgnneberg (2021), we start out with a random vector
X* following a continuous factor model, and X* is then dis-
cretized into X. We identify conditions for when estimat-
ing X via cont-ML will succeed, meaning that it will reach
approximately the same model that X* follows. This argu-
ment takes the discretization process as its starting point, and
does assume that the the assumptions leading to a covariance
structure are fulfilled for the ordinal observations.

Taking a covariance based factor model for an ordinal X as
a starting point is not recommended (Bollen, 1989, Chapter
9). Let us briefly review why this is so. Consider the equa-
tions of a factor model the form X = p + A¢ + €. Identifying
assumptions include Cov(¢, €) = 0. If £ and/or € take on only
a finite number of outcomes, we get a conceptually complex
interplay between the support and distribution of &, €, the at-
tained values of u, A, and the restriction that Cov(¢,€) = 0,
which induces problems of such a serious character that this
option should not be considered. If in contrast, £ is to be con-
tinuous, which is the traditional perspective, there will be a
non-linear dependence between &, €: if £ is continuous, € has
to convert the continuous vector A¢ into the strict categories
of X, which is a highly non-linear process. The dependence
between & and € seems difficult to interpret and motivate, as it
must be of such a character that we still have the identifying
assumption Cov(&, €) = 0.

Implementing the adjustments in the illustrative case for
Study 1 & 2

We here consider some computational details for the im-
plementation of cont-ML-adj and cat-Is-adj for Study 1 & 2.

The cont-ML-adj of Foldnes and Grgnneberg (2021) ad-
justs the observable variables encoding the data using

Xk = m(T -1, Te ) (D

where m(x,y) = E[X{|x < X; < y]. In the later section
“Mathematical results for implementing cont-ML-adj in the
illustration” (p. 3) we provide exact formulas for computing
m for the distributions we consider in the illustration, and
these are implemented in R code provided as supplementary
material.

Using the cat-LS-adj for estimation and inference requires
the calculation of ¥ and W’. While calculating ¥ can always
be done using numerical integration of the integral given in
Proposition 1, our illustration consists of simple transforma-
tions of normal variables, and there exist well-established
formulas for moments of truncated multivariate normal vari-
ables which can be used to calculate ¥ directly. In our imple-
mentation given in the supplementary material, we use the R
package MomTrunc (Galarza, Kan, & Lachos, 2021), which
is based on recursive formulas from Vaida and Liu (2009),
to calculate Y. Due to the resulting fast evaluation of ¥, our
implementation use numerical differentiation of ¥ to calcu-
late ¥’. In the case at hand, this is quicker than numerically
evaluating the integral definition of ¥ in Proposition 1.

Proof of Proposition 1

Proof of Proposition 1. The formula for ¥ is the Hoffd-
ing formula for covariances (Hoffding, 1940), using that
F}, F are standardized. Since r — C,.(u,v) is strictly
increasing for any 0 < u,v < 1 (Joe, 1997, Section
5.1), ¥ is strictly increasing. Finally, since all cumulative
distribution functions are in probabilities, and hence con-
tained within the interval [0, 1], also |C, (F;(x1), F3(x2)) -

Fien)F3x)l < 1C (Fi(x), F3(0) | + [F;(x)F3 ()l

IC, (FGen), Fyee))| + IF{Ge)llF3e)l < 1+ 1 -1
2 by the triangle inequality. @We may therefore inter-
change derivation and integration, and we have ¥'(r) =
[ [0 4, (Fi(x). Fa(x3)) dxidx,.  Letting @, be the
cumulative distribution function of a bivariate normal ran-

dom vector with standardized marginals and correlation
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r, we recall @y, (z1,22) = Co(D(z1),D(z2)). Therefore,
with z; = (I)‘I(Fl*(xl)) and 7 = (D‘I(F;(xg)), we have
C (Fi(x). F3(x) = CH®(1), D) = Douz1.20) =
CDz,,((D’l(Ff(xl)), CD’l(F;(xz))). As in Olsson (1979), we use
that £®,,(z1,22) = ¢,(z1,2) from Tallis (1962, p. 344).
The result then follows. O

Standard errors for cat-LS-adj

By the delta method (e.g. Van der Vaart, 2000, Chapter 3),
we have that

Vi — px-) = Vn(¥(pnr) — P(pz+))
=W (pz) Vn(pnr — pz2) +0p(1)  (2)

where 0p(1) means a quantity converging in probability to
zero as n — oo. This forms the basis for computing the
asymptotic covariance matrix of a vector of adjusted poly-
choric correlations using a simple formula: Let us gather
p(p — 1)/2 normal theory polychoric correlations in a vec-
tor Pnr, with respective normal theory limits contained in a
vector Pyt. Assume

ValPyr - Prr) = NO,T) 3

for some matrix I, as derived e.g. in Olsson (1979). Let the
respective adjusted estimators and limits be contained in vec-
tors £ and P. Let A be a g X g matrix, where ¢ = d(d — 1)/2,
containing zeros except for its diagonal, which contain ele-
ments of the form ¥ (pz-) for the ¥ function of the corre-
sponding coordinate as deduced above. Then Equation (2)
combined with Equation (3) implies that

V[P — Pl = A Va[Pnr — Pt + 0p(1)
—, N(0,ATA).

n—oo
The asymptotic covariance matrix of the adjusted polychoric
estimators is therefore given by AT'A’. Alternatively, statis-

tical inference can be done using the parametric bootstrap
(Efron & Tibshirani, 1994).

What if the copula is non-normal?

While Assumption 1.1 is a weak assumption, Assumption
1.2 is a strong assumption, which will likely often not be
fulfilled. An investigation of non-normal copulas in the con-
text of ordinal factor models is found in Foldnes and Grgn-
neberg (2021), and we consider the subject as partly outside
the scope of the present article. Surprisingly, the require-
ment of knowing the copula is less absolute than knowing
the marginals: Foldnes and Grgnneberg (2021, Lem. 1) con-
sidered a modification of the normal theory polychoric cor-
relation which takes into account the marginal information

in a slightly different way than the adjusted polychoric cor-
relation considered in the present article. For that alternative
polychoric correlation, as K — oo, we consistently estimate
the Pearson correlation of the response variables as long as
the marginals are correctly specified, but the copula of the
response variables need not be normal nor even known.

For completeness, we here briefly discuss what happens if
we know that (X7, X3)" has a non-normal copula that fulfills
some regularity conditions specified shortly. The full devel-
opment of this problem is considered outside the scope of the
present paper.

Assumption 1.2 can be extended as follows

Assumption 1. 2" We assume that (X7, X3)" has a cop-
ula with cumulative distribution function Cy for 6 € ®
where © is an interval of real numbers with possibly
infinite length. Here, Cy is such that for all u,v € (0, 1)
the function 8 — Coy(u, v) is strictly increasing.

Lemma 1. Under 2.2°, 0 is identified.

Proof. The 0 parameter is identified by just dichotomous
knowledge, using the argument just above Theorem 1 in
Grgnneberg, Moss, and Foldnes (2020). Since this dichoto-
mous information is derivable from the full distribution of X,
the parameter is identified. O

The parameter § may now be estimated by standard
ML, or some variant of it as in Jin and Yang-Wallentin
(2017). From the estimated copula parameters, and the
known marginals F7, 3, we may compute the Pearson cor-
relation of the response distribution. The result of this cal-
culation is our proposed estimator for response correlations.
Inference theory then follows by standard asymptotics for
ML estimators, or inference theory that takes into account
e.g. two step estimation such as in Jin and Yang-Wallentin
(2017). Since we have a fully specified parametric model, in-
ference may also follow from the parametric bootstrap (Efron
& Tibshirani, 1994). These correlation estimates, and their
asymptotic covariance matrix, are then used in cat-LS, re-
placing the normal theory polychoric correlations and their
asymptotic covariance matrix.

A review of cat-LS-thr, and a comparison to cat-LS-adj

Foldnes and Grgnneberg (2021) suggested an adjustment
to normal theory polychoric correlations, which we may
call threshold adjusted polychorics, took response marginals
F,F, ..., F]*, as input, and provided an estimate of the re-
sponse correlation matrix as output. As K — oo, this es-
timate is consistent as long as the response marginals are
correctly specified. This property is shared with cont-ML-
adj, and holds irrespective of the true underlying response
copula.
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When replacing standard polychorics in cat-LS estima-
tion with threshold adjusted polychorics, we get an estimator
which we call cat-LS-thr.

In normal theory polychorics, the thresholds are estimated
using

tnray = O (P(X < )

where P(X; < j) is an empirical probability based on a given
sample, and @ is the cumulative distribution function of the
standard normal distribution. In threshold adjusted poly-
chorics, the thresholds are instead estimated based on the
relation 7y j = F ;’1 (P(Xx < J)), and set to

= Fi 7 (PXe < ),

where P(X, < j) is the empirical probability of this
event. The estimator 7; ; will be consistent as long as the
marginals are (F}). Code to implement the threshold ad-
justed polychorics is given in the online supplementary ma-
terial of Foldnes and Grgnneberg (2021). Standard errors are
presently only available for normal marginals, in which case
the cat-LS-thr is the standard cat-LS. Standard errors may
be computed using bootstrap methods, and the derivation of
analytical formulas is left for future research.

The threshold adjusted polychorics of Foldnes and Grgn-
neberg (2021) is then the normal theory polychorics, but in-
stead of using (Tntx,;) as threshold estimates, (7 ;) is rather
used. Of course, if response marginals are fixed to standard
normal, the standard normal theory polychoric estimates re-
appear.

We now compare cat-LS-thr with the cat-LS-adj sug-
gested in the present paper. Without loss of generality, we
assume p = 2. The only difference between these meth-
ods is that cat-LS-thr use threshold adjusted polychoric cor-
relations, say pum:(F}, F3), and cat-LS-adj use adjusted poly-
chorics as described above, say p,4i(F7}, F3). The population
limits of these estimators are denoted by pmx(F7, F3) and
padj.x(F}, F}) respectively, where we introduce a subscript K
to indicate the dependence on the number of thresholds. We
wish to estimate

px- = Cov(X], X3).

As shown in Foldnes and Grgnneberg (2021, Lem. 1), we
have

nygopthr,K(FT, F3) = px-

if the marginals of (X7, X7) indeed are F{, F;. When the
marginals are misspecified, expressions for the limit of the
threshold adjusted polychoric was also derived in Foldnes
and Grgnneberg (2021, see the discussion right after Lem.
1), which we may use to see that

Jim puye (@, @) = Cov(® (F}(X))), @7 (F3(X3))

where F7, F; are the true marginals. We therefore have that

Padj(F7, F3) = ¥(Dunr(D, D))
— 2 Yiom (P, ©))

— Y(Cov(D N (FI (X)), L (F3(XD)))).

Now unless X7, X5 happens to have a normal copula, this
limit is not equal to px-, showing that cat-LS-adj and the
briefly mentioned cat-LS-ext which extends cont-ML-adj to
non-normal copulas, are both inconsistent as K — oo if the
copula is misspecified. In contrast, cat-LS-thr is consistent
as K — oo, as long as the marginals are correctly specified.

Mathematical results for implementing cont-ML-adj in
study 1 & 2

The following results should already be available in the
literature. Since we do not know a reference that derive all
of these results and state them in a simple form, and since it
has some value to illustrate the process required to derive the
conditional expectation used in the cont-ML-adj, we provide
complete calculations of the following results for the reader’s
convenience. We do not aim at generality, but instead aim at
providing enough explanation to reproduce our illustrations.

Let

Y = (a0 + a1 2){Z < O} + (Bo + 51 2)[{Z = 0} “)

where we usually assume Z ~ N(0, 1).

Let us first consider how to standardize these distribu-
tions. Suppose given Y in the above form. Then also
Y = (Y -EY)/sd(Y) is of the same algebraic form, but with
new coefficients &y, @1, By, B1. To see this, notice firstly that

aY = (aay + ac\ 2)I{Z < 0} + (aBy + ap1 2)I{Z > 0},
and secondly that

Y+a=Y+a-1=Y+a(l{Z <0} +I{Z >0})
=(a+ay+a12)[{Z <0} +(a+po+12){Z > 0).

To standardize Y, we therefore only need to compute its
expectation and variance, and then use updated coefficients
dy = (o — EY)/sd(Y),Bo = (@ — EY)/sd(Y) and &, =
a1 /sd(Y), B = B1/sd(Y). Code to compute the expectation
and variance of ¥ when Z ~ N(0, 1) is given in the online
supplementary material.

We here consider the conditional distribution and expecta-
tion of Y given knowledge of Y being contained in an interval
[x,y]. We only consider the case when «a,; have the same
sign. The general case follows by the same arguments, but
will not be useful for our illustrations in the present article.

The following results assumes that a;,5; are positive.
When they are both negative, we may use the presented re-
sults as follows. Notice that

Y:i=-Y =(—ap+(—a1)2){Z < 0} +(=Bo + (-B1)2){Z > 0}
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is of the form
Y = (&g + &1 2){Z < 0} + (By + B1Z)I{Z > 0}

with &, 8; both positive.

Let P(Y <y) = Fy(y) and fy(y) = (d/dx)Fy(y). We have
PY<y)=PY<y)=P¥ >-y)=1-PY < —y) =
1 — Fy(~y), with a density given by f3(y) = (d/dx)P(Y <
¥ = fr(=y).

Finally, consider Fy(y) = x. Then 1 — Fy(-y) = x, so
that Fy(—y) = 1 —xand so -y = F;l(l — x), which means
F;l(x) =-F,'(1-x).

For the conditional mean, notice that since x < Y
y & —y<-¥Y<-—x & —y<¥<—x wehave

IA

E[Yx<Y <yl=-E[-Y|-y< ¥V < -x] =E[{|-y < ¥ < —x].

We may therefore reduce the case where a1, are both neg-
ative to the case where ay,; are both positive, using the
above equations.

The following results allow x = —co,y = co. We derive
the density to draw exact plots of the densities in the article.
Lemma 2. Suppose Y follows Equation (4), with
Z ~ N@O,1) and a,p1 > 0. Then Fy(y) =
PY < y) = O(e]'0-a))lly < ao} + Iy >
B [OB' G -Bo)|  +  BOIly = a0~ Ity = Boll,
and fO) = Fy») = aoi'¢(e]'0-a)) Iy <

@) + BB (v = BNy = Bo). If also ay = B, then
Fl) = Bil{1/2 <x < 1+ {0 < x < 1/2) @7 () +a.

Proof. Using the notation x~ = min(x, 0) we get

PY<)ZLPY<y,Z<0)+PY<y,Z>0)
=Play+a1Z<y,Z<0)+PBo+pB1Z<y,Z>0)
Q Pz <ai'(y—ao)Z <0)+ P(Z < B (y - o) Z > 0)
Pz <o)y - ao)])
+ {87 (v = Bo) = O}P(0 < Z < By (v = o))
= @ (o} (v - ao)l")
+ BT (v = Bo) = 0} [ @(B7' (v — Bo)) — @(0)]
= @ (07" (v - a0)) Iy < a0} + @O){y > a)
+ Ity 2 Bo} [ @87 (v — o)) — D(0)
= @ (a7 (v = a0)) Iy < a0} + Iy = Bo} [0 (v = Bo))]
+ ©(0) [y = o} — Iy = fo}].

(a) For disjoint A, B we have P(C) = P(CNA)+P(CNB). (b)
We assume 1,81 > 0. (¢c) Comma is short hand for intersec-
tion, so {Z < ay,Z < ar} = {Z < min(ay, ay)}. Also, if,Bf](y—
Bo) < 0, we have P(Z < ,Bl‘l(y - o), Z > 0) = 0, but other-
wise, we have P(Z < ;' (v=0),Z > 0) = PO < Z < B; ' (y-

Bo))- (d) Since a1, 81 > 0, we have I{,Bl’l(y—ﬁo) >0=Hy>
Bo}. We also have a;'(y — @)™ = a7 (y — @) {y < ao} and

therefore @ ([a7'(y = a)]”) = @ (a7 (y - eo)ll{y < ao}) =
@ (a7 (v = a0)) Iy < ag} + DOy > ag).
The density of Y is therefore
S = (@/dy)P(Y <)
= 7' (7' - @0)) Iy < a0}
+ By 987 v = By = Bo}-

‘We now show the second statement of the lemma, and ad-
ditionally assume @ = 3. We then have

Fy(y) = ®(a;7' (v - a0)) Iy < ao} + Iy > a0} [ @B} (v — 9))
+®(0) [y > ao} — I{y > ao}]
= @ (a7'(y - a0)) Iy < a0} + [ B = ao))| Iy > ao).

Let Fy(y) = x. If0 < x < 1/2 = ®(0), then we
must have y < ayp, and so al’l(y — @p) = x, which means
o' —a) = @' andsoy = a;®'(x) + . If
x > 1/2, we have y > «p, and so by the same argument,
y = B1® ! (x) + . Therefore, we have the claimed F}'(x) =
BiI{1/2<x <)+ a1 {0 < x < 1/2) D' (x) + ap. |

In the following proposition, we may use that when Z ~
N(0, 1), we have

E(Zlx <Z <3) = [¢(0) = 60)/[00) - D). (5)

and that P(x < Y < y) can be computed using the cumulative
distribution function identified in Lemma 2.

Proposition 1. Let Y be defined as in Equation (4), where
Z has finite mean and is a continuous distribution. Suppose
a1, B are both positive. We then have that

m(x,y) = E[Y|[x <Y <y]
_ P(lay'(x~ap)l” <Z < [a7'(y — o))
- P(x<Y<y)
a0 + @1 ElZ|o7 (x — a0)I” < Z < [o7" (v — a0)]]
. P(B7 (x = Bo)l" < Z < [B;' (v = Bo)I")
Px<Y<y
[Bo+ BLBIZ|IBT (x - B0l < Z < [B7' (v - Bo)) ]|
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Proof. The assumption that Z has a continuous distribution
is only used to not have to keep track of sharp inequalities.
We assume a1, 3 are both positive. We have that
m(x,y) =E[Y|x <Y <y]
=P(x<Y <y 'E[YI{x<Y <)}l

We also have

E[Yx<Y <y ] =E(ay+ 0 2)[{Z<0,x<Y <y}
+EBo +B12){Z>0,x<Y <y}

@ E(ao + a1 2o} (x - ap)l” < Z < [a7" (v - ao)] )
+EBo + BB (x = Bo)]" < Z < [B7' (v — o)l ")

© aoP(la;' (x - ag)]” < Z < [a7' (v — an)]")
+a1P([e7' (x - a0)]” < Z < [a7'(y - ap)])
“ElZ|lo7' (x - a0)]” £ Z < [} (v — a0)]]
+BoP By (x = Bo)]" < Z < [B; (v = Bo)IT)
+ BB (x = Bo)]" < Z < By (v = Bo)IT)
“ELZ|87' (x = Bo)]* < Z < [B7' (v = Bo)]*]

= P(le;' (x— )" < Z < [o7' (v — ao)])
[0 + @1 ElZ|o7 (x — a0)]” < Z < [o7" (v — a0)] 1]
+ P(IBy (x = )" < Z < [B7' (v — Bo)]™)
- [Bo + BLELZ|IB7 (x - Bo))* < Z < 1B (v = fo)l*]]

(a)Since Y =g+ a1Zif Z < 0,wehave {Z < 0,x <Y <
VI=HZ<0,x<ay+a1Z<yl=HZ < 0,051"'()5—&0) <
Z<a;'(y- o)l = Hla; ' (x—ap)]” <Z < [a]' (v — )]}
Similarly, {Z > 0,x < Y < y} = I{[,B[l()c—ﬁo)]’r <Z«<
[Bl‘l(y = Bo)I*}. (b) We use again that for any random vari-
able Y with finite mean, we have E[Y|x < Y < y] = P(x <
Y <y 'E[YI{x <Y < y}]. We also use that EI{A} = P(A).
O

Monte Carlo results

Study 3
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Polychoric Adjusted polychoric
Margins p=2 p=4 p=7 p=2 p=4 p=.
I, 1.0 0.7 0.7 -0.6 -0.6 0.1
I 2.0 3.0 4.0 -0.7 -0.2 0.0
Iy 2.0 1.0 0.9 0.4 -0.3 0.2
LI 3.6 3.5 2.1 -0.8 -0.1 -0.2
LI 5.6 7.3 9.3 -1.1 -0.3 -0.0
0, 6.8 4.5 2.4 0.2 -0.5 0.0
IR 6.4 7.1 94 -0.3 -0.6 0.1
0 5.1 2.7 22 0.7 -0.9 -0.1
L, 10.8 14.1 17.4 -0.6 0.3 0.2
.0 6.7 4.9 22 0.1 -0.0 -0.2
Iy 72 5.9 43 0.4 0.1 0.2
Iy 9.4 10.8 13.1 -0.6 -0.5 -0.4
I, 10.0 7.1 3.6 1.2 0.5 0.3
i, 14.7 180 243 -0.6 -0.4 0.0
I3l 12.7 8.6 3.7 1.8 0.7 -0.0
I 9.8 109 132 -0.2 -04 -0.4
L0 6.8 5.8 4.3 -0.1 0.0 0.2
I, 15.1 184 242 -0.2 -0.1 -0.1
;s 9.9 6.2 3.7 1.0 -0.4 0.4
30, 200 243 330 0.1 0.0 -0.1
I 11.2 8.8 3.9 0.3 0.9 0.1
N, DI 0.5 0.6 1.3 -0.6 -0.5 0.2
N, DI -0.3 1.1 1.3 -1.2 -0.0 0.2
N0, DI, 3.2 43 4.6 -1.1 -0.1 0.2
N, DI 4.1 4.0 4.6 0.2 -0.4 0.2
N(O, DI'3 6.1 7.0 7.1 -1.1 -0.3 -0.2
N, DI 7.6 74 7.2 0.3 0.2 -0.0

N(0,1)N(0, 1) 0.1 -0.4 -0.1 0.1 -0.4 -0.1
Table 1
Relative bias for the polychoric estimator and its adjusted version. The results are aggregated over sample sizes n =
100, 300, 1000.



SUPPLEMENTARY MATERIAL

Polychoric Adjusted polychoric
Margins p=2 p=4 p=7 p=2 p=4 p=.
T 923 933 91.8 925 931 922
i 91.1 923 8.5 913 924 925
o 919 928 899  92.1 926  90.1
Iy 914 923 892 918 927 924
.0 929 886  63.1 935 917 918
L., 91.1 912 8.0 91.8 927 933
Iy 916 896 620 918 91.0 925
I 919 929 897 917 915 923
L 909 825 166 930 914 936
.0 90.1 91.0 903 909 928 935
Il 912 897 83 917 908 929
Il 90.7 851 416 912 917 937
0, 916  89.1 88.1 924 925 922
;s 889 794 03 914 930  93.1
I35 90.3 883 855 923 913 927
I 910 864 403 918 922 927
I 927 889 8.0 930 922 904
0 899  77.1 09 915 940 939
;0 912 919 858 919 928 923
30 877  69.2 00 914 927 938
s 90.5 900 869 924 939 930
N, DIy 919 925 919 917 925 928
N, DIy 914 91.1 902 916 912 912
N, DI 929  90.1 828 924 91.1 924
N, DI 913 91.0 847 921 926  93.0
N, DI 934 885 742 938 913 929
N, DI 93.1 90.0 735 937 931 922
N@O,DHN@O,1) 907 934 935 907 934 935
Mean 913 885 698 920 923 926

Table 2
Study 3: Coverage rates at the 95% level of confidence, sample size n = 100.
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Polychoric Adjusted polychoric
Margins p=2 p=4 p=7 p=2 p=4 p=.
T 922 941 936 923 942 946
i 940 924 804 935 935 950
o 948 935 91.7 952 938 929
Iy 940 918 874 942 934 927
.0 944  88.1 329 953 934 936
L., 925 923  91.1 937 949 949
Iy 935 904 312 949 955 925
I 946 915 888 953 936 944
I 91.1 76.4 04 933 932 950
.0 91.7 915 884  92.1 94.1 94.8
Il 945 912 779 943 944 931
Il 924 814 60 938 936 955
;0 923 889 810 942 945 930
;i 89.1 635 00 942 951 955
I35 932 865  8l.1 95.1 943 932
I 916 826 70 943 939 943
I 933 915 798 942 939 944
0 90.2  62.7 00 940 922 939
;0 92.3 89.8 855 948 930 953
30, 88.6 464 00 940 945 948
s 91.8 872 805 942 952 932
N, DIy 940 942 910 942 948 934
N, DIy 945 945 918 941 947 935
N, DI 937 905 759 935 937 947
N, DI 928 938 755 941 949 938
N, DI 934 865 548 940 93.0 942
N(O, DI 924 884 531 945 946 952
N@O,DN@O,1) 936 947 929 936 947 929
Mean 927 863 614 941 94.1 94.1

Table 3
Study 3: Coverage rates at the 95% level of confidence, sample size n = 300.
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