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The supplemental materials address several topics not covered in the main article. First,
we provide analytic expressions for Bayes factors in one-sided tests for normal means and
differences in normal means. Following this, we provide proofs of these theorems and those
stated in the main article. Finally, we provide summaries of operating characteristics for z
and two-sample ¢ tests that show that these tests perform similarly to the one-sample ¢ test

discussed in the main article.

S1 Bayes factors for one-sided tests

S1. One-sample, one-sided, known variance test. Assume the conditions of [1] in
the main article hold, except that now Hy : u ~ NM7*(0,7202%). Then the Bayes

factor in favor of H; can be expressed as

BFo(x) = 2(n7? +1)73/2

(1 4+ 2w)e” <1 — N( w/2)> + QM] , (1)
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where

7’L7'2

r=-——,
1+ nr?

Zmi, Z =+/nz/o, and w=rZ?/2, (2)

and N (z) is the standard normal distribution function.

S2. One-sample, one-sided, unknown variance test. Suppose the conditions in [2]
of the main article hold, except now that o2 is unknown. Suppose further that the
Jeffreys’ prior density is assumed under both hypotheses. In this case, the closed-form
expression for the Bayes factor is more complicated because it depends on the Gauss
hypergeometric function, o F (a, b, ¢, ) and the beta function, B(a, b). These functions
are available in many statistical and mathematical software packages, including R
(see package “hypergeo” for oF; (Hankin, 2016)). Using these functions, the Bayes

factor in favor of the alternative hypothesis can be expressed as

e1 [Ad} (1= Topo1 (~di/2r = 1) + foda|dy P07+
faldi~?] if 7 <0,
BF10(x) = { ;B (3/2,v — 3/2) if7—0 (3

c [fld% (1= Topo1 (—diV20 = 1)) + fodi|di |21+

f3]di]P~2 + 2 f4|d1 %] if >0,
where
4T (v)
= 4
“ Vr(nT2 +1)3/2T (n/2)’ )
__m™m R N2 5 S _/n¥
q_n_17 S_;('r’l l’), S _(n_l)’ T_ s 9 (5)



T? (1—r)T?

Variables z, S, r, T, G, and H are defined in (2, 5, 6), v = (n + 3)/2, and d; =
VT /\/(n —1)H. The variables fi — f4 are defined as

f=B-1y21)2), f=20 V(V_ff; i) (7)

_ 2P (vy —3/2v —1/2 —1/d3?) - oFy (1,3/2;5/2; —d3)

i e o - C®

The function T2,—1(+) denotes the cumulative distribution function of a Student ¢

random variable on (2v — 1) degrees of freedom.

S3. Two-sample, one-sided, known variance test. Assume the conditions in [3] of
the main article hold, except that now Hj : ps — g ~ NMT(0,7202). Then the

Bayes factor in favor of H; can be expressed as

BF1o(x1,%2) = 2 (mr2 + 1)73/2 [ew (14 2w) (1 -N ( w/2)> +

where
n;
= ning
= i/, _ : _ ’ 10
Z; ;m],z/nz n=mni+ng m T ( )
2 Z2
= #, Z =m(iy —21)/0 and w = TT (11)

and N is again the standard normal distribution function.

S4. Two-sample, one-sided, unknown variance test. Suppose the conditions in [4]
of the main article hold, except now that ¢? is unknown. Suppose further that the

Jeffreys’ prior density for o2 is assumed under both hypotheses. Then the Bayes



factor in favor of the alternative hypothesis can be expressed as

“ {fld% (1= T (—dav20 = 1)) + fac|da P07+
g if 2 < 7).
BF10(x1,%2) = 1 ¢1B (3/2,v - 3/2) 5 =0,

&1 i} (1= Tour (~div/20 = 1) + fo|dy PO+

f3]di|~2 + 2f4|d1 3] if Zo > 71,
(12)
where
2r
€1 = ) (13)

Va(mr? +1)3°T ((n = 1)/2)’

T:M G=1+ T H=1 ﬂ (14)

JS[n—2) (n—2)’ CESR

and v = n/2 + 1. The variables fi — f1 are as defined in (7,8), but with d; =

JrT//tn — 2)H.

S2 Proofs of theorems for one-sample tests

S2.1 Variance known
S2.1.1 Two-sided tests

Suppose x = (x1,...,z,) are i.i.d. observations from a N (u, 0?) distribution with o known.
The null hypothesis specifies that Hy : u = 0. Under H;, we assume that y is drawn from a

normal moment prior density specified by

1 u?




Theorem S2.1. Under the null hypothesis Hy : ;1 = 0 and o known, the marginal density
of X is given by

72

mo(x | 02) = cexp (—Z;) , (16)
where
En:m S = En:(x — )%, and c¢= (2n0?)"%exp (—S> . (17)
(3 (] I 20_2

i=1 =1

Proof: The marginal density under the data under the simple null hypothesis is simply the

sampling density of the data. Thus,

n 2 — 11)2
mo(x| %) = [ —=—— exp (—(“)) (13)

= (27T0.2)7n/2 exp (_i _ W) . (19)

Noting ¢ = 0 under Hy, the result follows.
[ |

Theorem S2.2. Under the alternative hypothesis Hy that p is drawn a priori from the

normal moment prior (15) and o known, the marginal density of x is given by

cad/? =2

_ ani
352 (02 + an2x2) exp [—1 , (20)

ml(x’02) = 27252

where a = 1/(n + 772) and c is defined in (17).

Proof: Substituting the expression for the sampling density of the data obtained in the proof

of Theorem S2.1, multiplying by the prior on u, and integrating to obtain the marginal



density leads to

oo 2 = 2
2y _ ¢ 2 H n(z — p)
mi (X | g ) = LOO W,& €Xp ( 27_20_2> €xXp (W) du (21)

B /OO Ry —— ’” +n(z—p) || dp (22)
—oo V277303 202 \ 72
Because
,u2 _ 9 1 _ ant?
ﬁ‘f'n(w—/i) :5(/1—@"5'3) Tt (23)
it follows that
my(x|o?) = /OO ;,uz exp {—1 {1 (1 — anz)? + nz? — an2x2} } du (24)
! —0o V217303 202 |a
Vac anz? /OO 1 9 (n — anz)?
_ N b _\mmanry 25
302 P\ T o252 oo V2ma0 P 2a0? a (25)

The integral represents the second moment of a normal distribution with mean anz and

variance ac?. Thus

)
my(x|o?) = vac {aa2 + (ana_;)ﬂ exp (_;m:c) . (26)

7302 7202

Theorem S2.3. Under the assumptions of Thm S2.1 and S2.2, the Bayes factor in favor

of the alternative hypothesis Hy against the null hypothesis Hg is given by
2 2 —3/2 2 rT?
BFg(x|0°) = (n7° + 1) <1+7"T )exp | (27)

where r =n7t?/ (nt? +1) and T = /nZ/o.

Proof: Following the definition of the Bayes factor and substituting the expression for the



marginal density of x from Thm S2.1 and S2.2 leads to

BFlo(X | 0'2) (28)
_ mx|o?) 29)
mo(x|o?)
1 2 nz* n?r2z2
= m [O’ + 1_’_(7”_2)_11 exp (WW’M) (30)

S2.1.2 One-sided tests

Assume the same setup as in Section S2.1.1, except that we now wish to test Hy : =0
versus Hi : g > 0. To this end, under H; we assume that u is drawn from a normal moment

prior truncated on (0,00). The density is specified by

V2

2
U
pnm(p| 72, 0%) = Wﬂz exp <_27202> for 4> 0. (32)

Under this setup we note that the marginal density of x under the null hypothesis Hy : g =0

is the same as in Theorem S2.1.

Theorem S2.4. Under the alternative hypothesis Hy that p is drawn a priori from the

normal moment prior (32) and o known, the marginal density m1(x|o?) of x is given by

C

m exp <—j722> [(2(12 + 1) {1 —erf(—=d)} + \2/6; exp (—dQ)} , (33)

where a is as in Theorem S2.2, c is as in Theorem S2.1, and d = \/anz/\/20.

Proof: Substituting the expression for the sampling density of the data obtained in the



proof of Theorem S2.1, multiplying by the prior (32) on p, and integrating to obtain the

marginal density leads to

o [ V2, W n(E—p)?
mi(x| o) = ; \/7?7303;; exp( 27_202> exp( “ogr dp. (34)

Using the identity (23) and using 2.1.3.1 from Korotkov and Korotkov (2020) leads to

my(x|o?) = \/%exp (—%) /OOO 12 exp [—W} du (35)
_ \/;fgg exp ({;ﬁ) y (36)

lﬁfzag (a’ffz " 1) {1 —orf (- */\/a;f ) } T (37)

a®nzo? exp (— ‘m%?)] (38)

202

_ C‘fg/ . (‘%) y (39)

(22 ) o) )
S (_nd?> . (a1)

[<2d2 +1) {1 = erf(~d)} + \2/‘; exp (—d2>] . (42)

Theorem S2.5. Under the assumptions Section S2.1.2, the Bayes factor BF1o(x | 0?) in

favor of the alternative hypothesis Hi against the null hypothesis Hy is given by

(nTQ + 1) 2 exp (7272) l(rT2 + 1) (1 — erf(—@)) + \/\2/>;T exp (—T)] ,
(43)




where r =n71?/ (n7? +1) and T = /nZ/o.

Proof: Following the definition of the Bayes factor and substituting the expression for the

marginal density of x from Thm S2.1 and S2.4 leads to

BFlo(X ‘ 0'2) (44)
_ mfx]o?) (45)
mo(x|o?)
_ n272i2
= (n72+1) 32 xp (202 T 1)> x (46)

n2r2z2 nTx
[(02(717'2-1-1) +1> <1—erf <_m/2(n72—|—1)>> + (47)
\/ém':i ( n2r2z? >
p

oy/m(nt?+1) 20%(nT2 +1)

—3/2 T?
= (n72 + 1) / exp (742> X (49)

[(rT2 + 1) (1 —erf (—@)) + \/\2/>;T exp (—ﬂ;)] . (50)

S2.2 Variance unknown
S2.2.1 Two-sided tests

As in Section S2.1.1 let x = (21, ..., ;) denote i.i.d. observations from a N(u,0?) distribu-

tion, but assume now that o2 unknown. We again wish to test Hy : u = 0 versus Hy : pu # 0.

2

Under Hj, the prior on pu, given o, is again specified as a normal moment prior (15). To

complete the model specification, under both Hy and H; we also assume an inverse gamma



prior on o2, parameterized here as

Ba
I'(«)

m(o? |, B) = (e?)™*Lexp < - ci) for % > 0, (51)

with shape parameter « (> 0) and scale parameter 3 (> 0).

Theorem S2.6. Under these assumptions and assuming Hg to be true, the marginal density

of the data m(x) is given by

—n/2—a

—2
S+ nx 7 (52)

2

(2m)~"/2 B2 T(n/2 + a)
I(a)

+ 8

mo(x) =

where S is as defined in (17).

Proof: Since Hy is a point null hypothesis, the prior on p is a degenerate distribution with

all the mass at po. So the marginal density m(x) can be expressed as

n

mo(x) :/7['(0'2 |, B) H o(z:]0,0%) do? (53)

i=1

T —n/2 pa /9 a— n
:W /(02) 27 exp [— LZ‘T? - ﬁ] do?. (54)

Noting that the above integral with respect to ¢ is proportional to an Inverse-gamma

density yields (52).
|

Theorem S2.7. Under the assumptions above and assuming Hy is true, the marginal

density of the data m(x) can be expressed as

S + dz?
2

S + dz?
2

*

i (x) = ¢ +3 + 8+ ndr2z? (;‘ 4 a) )

~| —n/2—a—1

10



where T, S are as in (17), and

B I N G ) E |
(n72 +1*?T(a) nr?+1

(56)

Proof: The marginal density m1(x), given 72, can be obtained by integrating (20) over the

prior on o2, leading to

=2

T _
mi(x) 2/7'('(0'2 |, B) x W exp {— %12] (02 + nd7'2x2) do* (57)

BN Ly SO S BR R )} PR g
_(m-?—i— 1)3/2F(a) /(U ) exp{ 952 ] <0 +ndrz >d0 .

Cc

(58)

2

Noting that the integrals with respect to o* are proportional to an Inverse-gamma density

results in
(2m) /2B <n ) {S dz> }‘”/ 2
my(x) = N-+a){=+——+28 + 59
1{x) (n7? +1°2T(a) | \2 2 2 (59)
-2 —n/2—a—1
ndr2x2F<n+a+1) {S+dx+5} ] (60)
2 2 " 2

B n/2—a—1 B

2 2
_ s +2dx 4 S ~|—2dx Bt (Z N a)] (61)

Theorem S2.8. Under the assumptions of Thm S2.6 and S2.7, the Bayes factor in favor

of the alternative hypothesis Hy against the null hypothesis Hy is given by

BFjo(x) = (n72 +1)73/2 <g)m+a (1 + q?) , (62)

11



where
nt? 2r (n/2 + «) Nz

_ — Y T=_Y" 63

nrz+1 1 n—1 JS/n—1) (63)
T2 23 1-r)T% 28

- i H=14+-—"— ‘2" 4= 4

G 1+n_1+5, T T (64)

and S is as in (17).

Proof: Following the definition of the Bayes factor and substituting the expression for the

marginal density of x from Thm S2.1 and S2.2 leads to

BF0(x) (65)
= o .
n/2+o _

2 py-a2 [ (S )2+ 8 n’r?z? (n/2 + a)

= (m+ 7P (S +dz2)/2+ l (n72+1) ((S +dz?)/2 + B) (67
n/24+oa
_ 1+T%/(n—1)+26/S
= (o + 17 2[1 FT2{(n? + D 1)} +25/8 o
2720 (n/2 + a) 7%/(n—1)

[1 (nT2 +1) 1—|—T2/{(n72+1)(n—1)}+26/S] (69)
= (nr?+1)73/2 <§)n/z+a (1 + q}TI?> : (70)
u

S2.2.2 One-sided tests

Assume the same setup as in Section S2.2.1, except that we now wish to test Hy: u =10
versus Hy : > 0. As in Section S2.1.2, the prior on i given o2 under H; is specified as
(32), a normal moment prior truncated on (0,00). To complete the model specification,

under both Hy and H; we assume an inverse gamma prior on o2 defined by (51). Under

12



these assumptions and assuming Hy to be true, the marginal density of the data mg(x) is

the same as in Theorem S2.6.

Theorem S2.9. Under the assumptions above and assuming Hy is true, the marginal

density of the data my(x) can be expressed as

¢ (d? (1= Foyy (—dv2u=1)) + fod[d* ™) + f5 ™) if 7 <0,
c*B(3/2,v — 3/2) if =0,
(71)
¢ (A1 (1= By (—dVBr=1)) + frd |0 +
f3 1d>7" + 24 \d|3) if ¥ >0,
where , S are as in (17), d = \Janz /241, v=(n+3)/2+a, a=1/(n+7172),
_ (27T)_n/2 46T (v) _ S  anz?
C T s @Ay T e (72)
fi=Bo-1/2.1/2), f = ”(;ff; ), (73)
o2y =32 — 12 -YdY) 0B (13/2:5/2 - &) (74)

(2v —3) ’ 3 ’

B(-,-) is the Beta function, Fs,_1 is the cdf of the Student’s t distribution (center 0 and

scale 1) with degrees of freedom 2v — 1, and oF} is the Gauss hypergeometric function.

Proof: Substituting the expression for the sampling density of the data obtained in the

proof of Theorem S2.1, multiplying by the priors on i |02 and o2, and integrating to obtain

13



the marginal density given 72 leads to

2\—1/2 S n(@—p)? 2
(2m0?) exp <—%‘2 ~ T on2 do*du (76)
_ pT (v) < 9 S, 1(p = 2 -
T 2012z (/2 13 () /0 w8+ stol=t n(T — ) dp.  (77)
where v = (n + 3)/2 + a. Define A; = 8+ S/2 + anz?/27? and
_ BT (v)
A2 = SO /2 13 T(a) A7 (78)
Using the identity (23) and some algebraic simplifications lead to
(x) =A /Oo 2 1+M _Vd (79)
A [ 7)2 w )7
=A, /_ani(u +anz)® | 1+ DA, du (80)
=A, (a2n2a_c2 Iy (—anz) + 2anz I (—anx) + I (—cma_c)) (81)
=As (myo + my1 +mi2), (82)
where
00 A w2 v ;
1 = 1 d R, k>0 3
o) = [Tt (g ] e rgeRRz0. sy
myo = a’n’z? I (—anz), my =2anz I (—anz), miz= Iz (—anx). (84)

For Iy(—anz), first doing a change of variable with w/y/2v — 1 = u/v/2a4; and then some

14



algebraic simplifications lead to

oo u2 v
Iy (—anz) = [ {1+ DA, du
204, >1/2 /oo
2V — ]. ,nj\/%

— V2aA, B ((2v - 1)/2,1/2)

X

>—<<2u—1>+1>/2

1—Fy (

dw (86)

_ [2v—1)a
—nZx 2141)], (87)

where B(-, ) is the Beta function and F»,_; is the cdf of the Student’s ¢ distribution (center

0 and scale 1) with degrees of freedom 2v — 1. Following this we get

mio = a2n2i2 I() (—an:i") = (2@A1)3/2 f1d2 (1 — F21/—1 (—d\/ 2v — 1)) s (88)

where d = /anz/\/2A4; and f; = B (v —1/2,1/2). For I;(—anz) and I2(—anZ), we note

that for integers k,

Ii(g9) =

where for g > 0,

I(g) :/:Ouk (1

I (lg)

T (l91) + 27k (I91)

u2

2aA;

_l’_

u2

2&141

if g >0, 0r g <0and k is odd,

duzl/oow(kJrl)/Zl 14
2 Jg2

—v )
) du = %/g w kD21 (1 +
0

15

if g < 0 and k is even,

w —V

w -V
2aA1) dw. (91)



Using equations 3.194.1-3.194.3 from Gradshteyn and Ryzhik (2014) to this leads to

S M) S Fy (v, (20 — k= 1)/2; (20 — k +1)/2 ~2aA1/g%) if g >0,

Ii(g) = w—k—1 2
(2aA)F V2B ((k+1)/2, (20 — k —1)/2) if g =0,
(92)
and
k+1
Ty (9) = 5:1 oy (y, (k+1)/2; (k +3)/2; —g2/2aA1) for g > 0, (93)

where o F] is the Gauss hypergeometric function. To our interest, this results in

=n\2(1—v) v
(an\x|)22(1V71§2aA1) oFy (v,v — 1;v; =241 Jan?3?) if 2 # 0,

Ii(an|z|) = (94)
20A;B(1,v —-1) if z =0.
This leads to
2anz Iy (an|z|) if 7 # 0, (2a41)%% fod|d)?) if z #£0,
mi = = (95)
0 ifxz=0 0 ifx=0.
where fo = oF) (v,v — 1;v;—1/d?) / (v — 1). Similarly, it also results in
(2a41)%? f5 |d*~% if 7 #0,
Iy(an|z|) = (96)
(2a41)*? B(3/2,v—3/2) ifz=0,
and
Jo(anz)) = (2041 fild]*, (97)

where f3 = oFy (v,v —3/2;v —1/2;—1/d?) / (2v —3) and f1 = oF} (v,3/2;5/2; —d?) /3.

16



This leads to
(2aA1)%? f5 |d*~% if 7 <0,

miz =4 (2a4,)*? B (3/2,v — 3/2) if 7 =0, (98)

(2a41)" (f5 d* +2f1|af*) iz >0,

Finally, (71) follows by combining m1g, m11 and mis.
[ |

Theorem S2.10. Under the assumptions in Section S2.2.2, the Bayes factor BF1(x) in

favor of the alternative hypothesis Hy against the null hypothesis Hy is given by

Gy (f1d2 (1= Foy1 (—dv2v = 1)) + fod]d" ™ + f3 Id!372”> if & <0,
C1B(3/2,v—3/2) if T =0,
(99)
C1 (Aid® (1= Foy 1 (=dv20 = 1)) + fod a0 +
f ldP*~ + 24 |dP*) if 7 >0,
where
Cr = ) (100)

V(T2 +1)3/20 (n/2 + )’
z, S are as in (17), v = n+3)/2+a, T, r, G and H are as in (63)-(64), d =

VIT/\/(n—1)H, and fi to fy are as in (73)—(74) with d is it is defined here.

Proof: Following the definition of the Bayes factor we know that BF9(x) = mq(x)/mo(x).

While substituting the expression for the marginal density of x from Thm S2.6 and S2.9 we

17



note that

A AT (v) B+ S/2 +ni?/2 n/ate (101)
mo(x)  Vr(nr2 +1)32T (n/2 4+ ) \ B+ S/2 +nx2/2(n72 + 1)
] T ) Gy (102)
 /m(nr? +1)32T (n/2 4+ o) \H )
Also, d as in Theorem S2.9 can be rewritten as
J = AR __ VT (103)
V2 (B + S/2+nx2/2(nt? + 1)) (n—1)H
(99) directly follows from combining these.
]
S3 Proofs of theorems of two-sample tests
S3.1 Variance known
S3.1.1 Two-sided tests
Suppose x1 = (%11, ..,%1n,) and Xa = (2271, ..., T1n,) are observations from i.i.d. N (u1,0?)
and N(ug,0?) distributions, respectively, and we wish to test Hg : p; = po versus

Hy : p1 # pe. To this end, we assume that under both Hy and Hi, the prior on g

is U(—a,a) for some large a. Under Hj, we further assume that us = p; + J, where

1 6
2 2y _ 2 S
P07 0% = \/ﬂT3a36 exp( 27’202> ’ (104)

a normal moment prior on the difference between the means p1 and pz. We let ¢(-| i, 0?)

denote a normal density function with mean p and variance o2. With a uniform prior on

18



w1 and sufficiently large a, we note that the marginal distributions described below are

invariant with respect to the labeling of samples.

Theorem S3.1. Under the assumptions above and assuming Hy is true and that o is

} , (105)

known, the marginal density of the data mi(x1,Xz|0?) is given by

\/ﬂcl (0‘2 + m27' (fl — .CC_Q)2> exp {_1 [m(aﬁ — .CU_Q)2

oy/n(mr?+1)3 mr2+1 202 | mr2+41

where we define the following quantities for i = 1, 2:

i =) wji/mi, Si = (xji — @), n=mni+ne (106)
j=1 J=1
ning 1 2\—(n1+n2)/2 |: 1
— = (2 1+n2 ——=(S1+89)|. 107
ny +ny’ “ 2a( o) P 7202 (514 52) (107)

Proof: When not indicated otherwise, we assume that all sums and products extend from

1 =1 to 2, and that integrals extend from —oo to co. We also define
c2(0) = c1 p(6] 7%, 02).

The marginal density m1(x1,x2|0?) (ignoring dependence on o2 and 72) can be expressed

as

my(x1, Xz | 0%) (108)

ni n2

a 2 2
- //_ p(5|;-a70) 1 ¢ lm.o®) [T é(xaylm +06,0%)dpads — (109)

j=1 j=1

= //02(5) exp {—2}‘2 [m(fl — ,u1)2 + na(z2 — p1 — 5)2} } duy do. (110)
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Defining b = [n1z1 + na2(22 — 6)]/n, completing the square in p; and integrating leads to

1
= //02(5) exp {%‘2 {n(,ul — )2 = nb? + nyiy 2 + no(ay — 5)2] } dupp dé (111)
6152 1

= /M‘”‘p{‘zaz

2
iz + nlfL'_12 + ng(.fg — 5)2 — nb21 } dé. (112)
T

Completing the square in ¢ and defining d = [m(23 — #1)] and f = (m + 1/72) leads to

2 2 2
= /7325\/5 exp {—2;2 [m(ml — )% — ﬁlf +f <6 - ;l) ] }dé (113)

Noting that the integral is proportional to the second moment of a normal density with

mean d/f and variance o2/ f results in

2 2 g2 1 i — )2
- :@17 (C,If+f2> e"p{‘w e } (114

vV 27T61 2 sz (.Cfl — .f2)2 1 m(;fl — .%TQ)Q
= o° + expl —— | ———7"—
oyv/n(mr? +1)3 mr2+1 202 | mr?+41

} (115)

Theorem S3.2. Under the assumptions of Theorem S3.1, but now assuming Hy to be true,

the marginal density of the data is given by

\/ﬂ\/gcl exp {—%; {m(fl - :52)2} } . (116)

mo(X17X2|02) =

Proof: Using the proof of Theorem 1, divide equation (112) by p(&|72,0?) and set § = 0
to obtain the marginal density of the data under Hy after marginalizing over u ~ U(—a, a).

Simplifying the result in the exponential term yields (116).
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Theorem S3.3. Under the assumptions of Thm S3.1 and S3.2, the Bayes factor in favor

of the alternative hypothesis Hy against the null hypothesis Hg is given by

, T2
BF1o(x1,%x32 | 0?) = (m7r% +1)7%/2 (1 + TTQ) exp <T2> , (117)

where r =1/ (14 (m7?)71) and T = /m(i2 — 1) /0.

Proof: Following the definition of the Bayes factor and substituting the expression for the

marginal density of (x1,x2) from Thm S3.1 and S3.2 leads to

BFlo(Xl,Xg |0'2) (118)
2
- mla,x|o) (119)
mo(X1,x2 | 0?)
_ 1 2 m272(Zy — 7o) exp m272(z, — 7o)? (120)
o2(m72 +1)3/2 m72 41 202(m72 +1)
T2
= (mr?4+1)73/2 (1 + rTQ) exp (g) . (121)
]

S3.1.2 One-sided tests

Assume the same setup as in Section S3.1.1, except that we now wish to test Hy : p1 = o
versus Hj : po > pp. To this end, under both Hy and H; we similarly assume the U(—a, a)
prior on p is for some large a. Under H; we still assume that uo = p1 + § except the prior
on ¢ is assumed to be a normal moment prior truncated on (0,00). The density is specified
by

V2 52
p+((5 ’ 7'2,0'2) = méz exp —W fOI' 6 > 0. (122)
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Under this setup we note that the marginal density of x under the null hypothesis Hy : g =0

is the same as in Theorem S3.2.

Theorem S3.4. Under the assumptions above and assuming Hy is true and that o is

known, the marginal density of the data mi(x1,Xz|0?) is given by

where m, @1, T2, S1, S2, c1 are as in (106)—(107), d = m(i2 — #1), f = (m+1/72), and
dy = d)o/2F.

Proof: The marginal density m;(x1,x2 | 0?) (ignoring dependence on o2 and 72) can be

expressed as

n2

(0
mi X1,X2|O‘ / / p+ ‘T U H¢x17]|u1, )H¢(x27j|u1—|—5,02)d,u1d5

j=1
(124)

Marginalizing over up and following (112) leads to

©  9¢;42 { 1 [62

2\
ml(Xl,XQ‘O')—/O mexp 2% 5.9

+ nlr):l + ??,2(1'2 — 5) — nb2] } do, (125)

where ¢; is as in (107). Completing the square in 0 and defining d = [m(22 — #1)] and
f=(m+1/7%) lead to

my(x1, Xz | 0?) (126)

_ o0 20152 1 _ —\2 d? d\?
= /0 WQXP{M [m(mlxz) f+f(5f) ]}dfg (127)

= Tgigl\/ﬁ exp{—Q;[ xl_m }/ 6% ex [ 7‘5 4/1) ] do. (128)
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Using 2.1.3.1 from Korotkov and Korotkov (2020) and some algebraic simplifications result

in

my(x1, Xz | 0?) (129)

2c1 1 [m(r — f2)2
_ _ P2)” 130
302\/n exp{ 202 [ mr2+1 % (130)

Vrod d do? d?
[\@f?’ﬂ (J +1 1—erf M)}—I—J@exp <_202f>] (131)

e (- d)

= exp

it 1 1 24 1) (1 —erf(—dy)) + 2 (—d%)}(l:ﬁ)

V4
|

Theorem S3.5. Under the assumptions in Section S3.1.2, the Bayes factor BF1o(x1,%2 | 0%)

in favor of the alternative hypothesis Hy against the null hypothesis Hy is given by

(mT2 + 1)73/2 exp (7’7;2) [(rT2 + 1) (1 — erf(—@)) + J\Q/»;T exp (—T)] ,

(133)

where r =1/ (14 (m72)71) and T = /m(i2 — 71) /0.

Proof: Following the definition of the Bayes factor and substituting the expression for the
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marginal density of (x1,x2) from Thm S3.4 and S3.2 leads to

BFlo(Xl, X2 | 0'2) (134)
my(x1,Xso | 0?)

= b2 ¢ (135)

mo(x1,X2 | 0?)

2 *3/2 m27'2(ac_2 — f1)2
= 1
(mT + ) exp ( 202 (mrT 1 1) X (136)

m27'2(f2*.’f1)2 _ - mT(fQ*fl)
2wy U T T ommer )T (137)

V2m (7 — T m272(50 — )2
U\/7r(75’w272+11)) exp <— ggzéniui; )] (138)
= (m7-2 + 1) —-3/2 exp <7€2> X (139)
I
|

S3.2 Variance unknown

S3.2.1 Two-sided tests

2

We now consider the case where the variance ¢ is not known. In this case, we assume that

02 is drawn a priori from an inverse gamma density parameterized as in (51).

Theorem S3.6. Under the assumptions stated above and assuming Hy is true, the marginal

density of the data is given by

—(n+1)/2—
cscy (n+1)/2—a

(m72 4 1)3/2

my(x1,X2) =

m27%(z1 — 12)? (n—1
141
ar MIERE (M0 0|
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where 1, T2, S1, S2, n, m are defined in (106-107), and

m(Z; — T2)>  S1+ 52
2(m72 +1) 2

C3 =

(2m)~(=1)/2 g F(n -1

d —
2a/n L (a) 2 +O‘>’ anae ca

+8. (142)

Proof: The marginal density m1(x1,Xs2) (ignoring dependence on 72) can be expressed as

L(x1, x2) /// (1 @) (5] 72, 0%) x (143)

n2
H ¢(1y | p1,0%) [T @2 | + 6,0%) dpa do do®. (144)
j=1 j=1

To this we note that, given o2 the integral with respect to p; and § is identical to (109).
From Theorem S3.1, and noting that the integrals with respect to o2 are proportional to

an inverse gamma density yields

. (27T)—(n1+n2—1)/25a / 2\ (my b a1/ 21 ( ) m2T2(£1 _ f2)2)
mi(x1,X2) = Sa /T TP (a) (0%) o+ o S
1 m(il — fg)Q S1+ S }:| 9
X exp[ 02{ 2(mr + 1) + 5 + B¢ | do (145)

(QW)f(nlJrnzfl)/Qﬁa

2a/n(m7? +1)3T(a)

<n1 + ;LQ +1 o 1) —(n14n2+1)/2—a+1

m*72(Z1 — T2)? (1 +ng+1 —(n1+na+1)/2—
r 1+n2t1)/2-a 146
+ mr2 41 ( 2 + a) €4 (146)
—(n+1)/2—a m272 2
c3c 1 —T n—1
vn mr? 41 2
[ |

Theorem S3.7. Under the assumptions of Theorem S3.6, but now assuming Hy to be true,

the marginal density of the data is given by
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—(n—1)/2—«

o 7.)2
m(l‘l .rg) Sl + SQ + 5 ’ (148)

2 2

mo(x1,X2) = c3 [
where c3 is as in (142).

Proof: The marginal density mg(x1,x2) can be expressed as

2 ng
moerx) = [ [ 7ol wlula) [T ] ooy lmo®) dudo®.  (149)

i=1j=1

To this we note that, given o2 the integral with respect to ju is the same as the marginal

mo(x1, %2 | 02) in Theorem (S3.2). Using (116) and noting that the integrals with respect

2

to o“ are proportional to an Inverse-gamma density results in

_ <2ﬂ—>*(n1+n2*1)/2/8a / 2 (1 +nz—1)/2—ar—1
mo(x1,X2) = 2avnT(a) Ca) X (150)
1 m(:il — .i'g)Q 51 + SQ 2
exp {— (72{ 5 +— + ﬂ}] do (151)
(2)~(mtn2=1)/2ga (m +ng—1 >
= 152
Sav/n () 2 )% (152)
_ _ —(n1+n2—1)/2—a
22
[m(xl .TQ) + S1 + SQ + ﬁ (153)
2 2
a2 —(n-1)/2-a
= lm(“ M R (154)
2 2
[ |

Theorem S3.8. Under the assumptions of Thm 53.6 and S3.7, the Bayes factor in favor

of the alternative hypothesis Hy against the null hypothesis Hy is given by

(n—1)/2+o 2
BFo(x1,%x2) = (m72 +1)73/2 (G2) (1 + qT?) , (155)
H, H,
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where T1, T2, S1, S2, n, m are defined in (106)—(107), and

mr? 2r((n—1)/2 + «a)
(N q= n_9 ) S =51+ S, (156)
NG T 23 (1-r)T%? 28
y Al o SV =1 L o H=1+"" 4+
S/(n—2)’ ¢ —i_n—Q—i_S7 * n—2 +S (157)

Proof: Following the definition of the Bayes factor and substituting the expression for the

marginal density of (x1,x2) from Thm S3.6 and S3.7 leads to

BF10(x1,x2) 5
_ mu(x,x2)
= mO(Xl,X2) (159)
= L m(T1 — %2)%/2+ S/2+ (n—1)/2+a »
= (m7-2 + 1)3/2 m(z; — 52)2/2(m7_2 1) 18245 % ( )

= (mr?+ )72 n T21/ J{F(Z 2_/(27;(;@?2121%1 zﬁ/s] o x (162)
14 2T ((7(7?72?{)2 = 1+12/{(n Z/)((?;T?Qi 1)} + 25/51 (163)

= (mr2+41)73/2 (fl>(n_1)/2+a <1 + q};) . (164)
n

S3.2.2 One-sided tests

Assume the same setup as in Section S3.2.1, except that we now wish to test Hy : p1 = o
versus Hj : po > pp. To this end, under both Hy and H; we similarly assume the U(—a, a)

prior on pup is for some large a. Under H; we still assume that uo = p1 + §, but the
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prior on ¢ given o

is assumed to be a normal moment prior truncated on (0,00) whose
density is defined by (122). To complete the model specification, under both Hy and H;
we again assume an inverse gamma prior on o2 defined by (51). Under these assumptions

and assuming Hj to be true, the marginal density of the data mg(x;,x2) is the same as in

Theorem S3.7.

Theorem S3.9. Under the assumptions stated above and assuming Hy is true, the marginal

density of the data mq(x1,X2) is given by

¢ (A1} (U= ooy (=12 1)) + fody |07+ f |da) if 2 < 1,
c¢*B(3/2,v —3/2) —
(165)
o (fld% (1= Fo1 (~div/20 =1)) + fodi [di P77 +
f3 1da[*™ + 2f4 |d1|3) ——

where Ty, Tz, S1, S2, n, m are defined in (106-107), S = S1 + S2, d = m (23 — 27),
f=m+7172 d =d/V2fA,v=n/2+a+]1,

. 23/2(27) 2 BT (1) .S d?
= al'(a)y/n(mr? + 1)3/2 Agn—l)/Q—l-a’ Ar=p+ 9 + mv (166)
Caye 2
fi=B-1/2.1/2), f= 2y Lvicl/d) (167)
(v—1)
f3 _ 2F1 (V7V_3/2;l/_1/2;_1/d%) f4 — 2F1 (1/73/275/27 _d%) (168)

2v—3 ’ 3 ’

B(-,-) is the Beta function, Fs,_1 is the cdf of the Student’s t distribution (center 0 and

scale 1) with degrees of freedom 2v — 1, and oF} is the Gauss hypergeometric function.
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Proof: The marginal density m1(x1,X2) (ignoring dependence on 72) can be expressed as

1(x1,%2) / / [ jon 6|T o2 Ym(o 2|a B)m(p1|a) x (169)
ch v1j |, 0%) H G5 | 1 + 6,0%) dp do” do. (170)
j=1 j=1

Following (125) integrating with respect to u1, and then integrating with respect to o

leads to

miaxe) = [ [T 2 o e (<) Wexp (o) x (M)

1 |6 _ _
Xp {_W [7_2 + nyan® + ng(an — 6)° — an] } do® do

(172)

262
——— e
m302\/n

_(@2m)"26°T(n/2 + a +1)
B al'(a)m3y/n

2 2 Ly ~(n/2+at1)
/0 - { L ey 72+1)+f(6 f) H ds. (174)

Define v =n/2 +a+1, Ay = B+ S/2 + d*/2m(m7? + 1) and

(173)

eI
*T al'(a)m3y/n AY ~

(175)
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Then mj(x1,x2) simplifies to

mu(x1,%2) =As /OOO 52 (1 + W) C (176)
A, /_j/f <u + ;)2 (1 + gﬁ) Y (177)
(i (-5 + 20 (-4 (-9)) (17%)
=As (m1o + mi11 + mi2), (179)
where
Ii(9) :/goouk <1+£Z>_V du for g € R,k >0, (180)
B (4). m-a(D), mamn(D) o

For Iy(—d/f), first doing a change of variable with w/\/2v —1 = /fu/\/2A; and then

some algebraic simplifications lead to

[e'e} 2\ 7V
Io(=d/f) = /_d/f (1 - ;i) du (182)
244 1/2 roo w? —((2v—1)+1)/2
(f(2v—1)> /_d 1) (H 5 — 1) dw  (183)

2fA;
1— Foyy <—d (22?;111)” . (184)

where B(+,-) is the Beta function and F»,_1 is the cdf of the Student’s ¢ distribution (center

_ (2;‘1)1/2 B ((2v — 1)/2,1/2)

0 and scale 1) with degrees of freedom 2v — 1. Following this we get

mio = ;l,zfo (_;> = (2}41>3/2 f1 d% (1 — Fgl,fl (—d1m>> s (185)
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where d; = d/\/2fA; and f; = B(v —1/2,1/2). To calculate I1(—d/f) and I2(—d/f) we

again use (89)—(93). Using these we get

2(1—v) v L _
%zﬂ (vyv — Liv;—2f Ay /d?) if 2o # a7,

L(ldl/f) = (186)
%B(l,y—l) if 9 = 7.
This leads to
(d/f) I(ldl/f) et | @AY b P i #
mi = = (187)
0 if €0 =11 0 if o = 7.
where fo = oFy (v,v — 1;v;—1/d3?) / (v — 1). Similarly, it also results in
241/ )% f3 |do | if & # a7,
I(ld[ / f) = (188)
(241/1)%2 B (3/2,v —3/2) if @ = a1,
and
Ta(ldl/£) = QAP faldaf?, (189)

where f3 = oFy (v,v —3/2;v —1/2;-1/d3) / (2v — 3) and fi = oF (v,3/2;5/2; —d3) /3.
This leads to

241/ 1)%? fa |da >~ if 7 < @,

miz =4 (24,/1)%? B (3/2,v — 3/2) if 7 = &, (190)

@A/ )2 (fs 12 4 2fa|dnP) it @ > 0.

Finally, (71) follows by combining mqg, m1; and mqs.
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Theorem S3.10. Under the assumptions in Section S3.2.2, the Bayes factor BF19(x1,x2)

in favor of the alternative hypothesis Hy against the null hypothesis Hg is given by

Cq (fld% (1= Foy (—div2v — 1)) + fady |2 4 fy ‘d1‘372y) if T2 < 1,

CBERY =32 if T3 = 71,
(191)
= (fld% (1= Py (—div/2v = 1)) + fady |dy ") +
o [ + 2l if @ > a7,
where
2
¢ = o (192)

Vr(mr2 +1)32T ((n - 1)/2 + )’
where Z1, T2, S, n, m, v are as in Theorem S3.9, T, r, G and H are as in (156)-(157),
diy = rT/\/(n—2)H, and fy to fa are as in (167)-(168) with dy is as it is defined here.

Proof: Following the definition of the Bayes factor we know that BF10(x1,x2) = m1(x1,X2)/mo(x1,X2).
While substituting the expression for the marginal density of (x;,x2) from Theorem S3.7

and S3.9 we note that

B 2 (v) X (193)
mo(x1,X2) Vr(mr2 +1)32T ((n = 1)/2 + «)
( B+ S/2+m (i — a1)* /2 )WWW (194)
B+S/2+m (i —a1) /2(mT2 +1)
B T (I/) G (n—1)/24«a
T /a(mr2+ 1320 ((n—1)/2+ a) (H) ' (195)
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Also, d; as in Theorem S3.9 can be rewritten as

mT (.fg — fl) \/’FT
d = = . (196)
\/2(mf2 +1) (B+8/2+ m (32 — 41)* /2(mr? + 1)) Vin-2)H

(191) directly follows from combining these.

S4 Operating characteristics of one-sample z and two-sample

t tests

The operating characteristics for one-sample z, and two-sample z and ¢ tests are similar to
those cited in the main article for one-sample t tests. For purposes of comparison, plots

similar to those found in the main article are presented below.

S4.1 Fixed design tests

Fig. S1 displays the operating characteristics of the one-sample z and two-sample ¢ tests
under a true null hypothesis. For the two-sample ¢ test, equal sample sizes were assumed
drawn from both populations, and the sample size appearing on the horizontal axis refers
to the sample size for each sample. This figure is comparable to Fig. 2 in the main article

for the default choices of the NAP and JZS priors.
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Figure S1: Weight of evidence for true null hypotheses in two-sample ¢ test and one-sample
z test. The black curves represent the average weight of evidence for the default NAP priors,
while the dashed green curve the default JZS prior. The dashed orange curve depicts the
average weight of evidence obtained when the alternative hypothesis assigned one-half mass
to £0.30.

For the same tests, Fig. S2—-S4 displays the weight of evidence for different effect sizes
under the alternative hypothesis as sample size varies. These figures are comparable to
Fig. 3 in the main article for the composite alternative placing one-half mass at +0.30 and

different choices of the NAP and JZS priors.
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Figure S2: Weight of evidence for true alternative hypotheses in one-sample z test. Curves
depicted in the plots denote the average weight of evidence versus true effect size when the
alternative hypothesis was defined by various NAP and JZS densities.
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Figure S3: Weight of evidence for true alternative hypotheses in two-sample z test. Curves
depicted in the plots denote the average weight of evidence versus true effect size when the
alternative hypothesis was defined by various NAP and JZS densities.
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Figure S4: Weight of evidence for true alternative hypotheses in two-sample ¢ test. Curves
depicted in the plots denote the average weight of evidence versus true effect size when the
alternative hypothesis was defined by various NAP and JZS densities.

S4.2 Sequential tests

Fig. S5-S16 display the operating characteristics of the Hajnal(0.3), default SBF-NAP and
default SBF-JZS tests. The results presented below correspond to one-sample z tests and
two-sample z and ¢ tests under a true null and alternative hypothesis. For the two-sample

tests, equal sample sizes were assumed drawn from both populations. For these tests,
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the ASN refers to the sample size from each group required on average by the sequential
tests. As in the main article, two types of exceedance thresholds were considered: (a)
symmetric exceedance thresholds of 3 and +5, and (b) SPRT thresholds with («, 3) equal

to (0.05,0.2) and (0.005,0.05). The figures are comparable to Fig. 5-8 in the main article.

S4.2.1 Performance comparison for symmetric evidence thresholds

Fig. S5-S9 display the operating characteristics of Hajnal(0.3), and the SBF-NAP and SBF-
JZS with their default choices. The results presented below correspond to the symmetric
exceedance thresholds of +£3 and +5. The figures are comparable to Fig. 5-6 in the main

article.
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Figure S5: ASN for sequential procedures under a true null hypothesis in one-sample z test.
The plots are truncated at 1500 and 80,000 to enhance comparisons at moderate sample
sizes. Panel (a) provides a boxplot estimate of the distribution of sample sizes required
for the SBF-NAP, SBF-JZS and Hajnal(0.3) procedures to cross an exceedance threshold
of +3. About 0.3% percent of SBF-NAP tests and 11% of SBF-JZS tests required more
than 1500 samples to reach a decision. All Hajnal(0.3) tests terminated by 530 samples.
Panel (b) provides the corresponding boxplots when the exceedance threshold is +5. About
4% of SBF-JZS tests required more than 80,000 samples to reach a decision. The black
diamonds show the ASN’s for each procedure. All SBF-NAP tests reached a decision by
57550 samples, and all Hajnal(0.3) tests terminated by observation 985.
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Figure S6: Operating characteristics under true alternative hypotheses in one-sample z
test. Panels (a) and (b) depict the ASN’s for three sequential tests when the exceedance
thresholds are £3 and 45, respectively, versus the data-generating value of the standardized
effect size. Panels (c) and (d) provide the corresponding probabilities that each test rejects
the null hypothesis as a function of the standardized effect size.
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Figure S7: ASN for sequential procedures under a true null hypothesis in two-sample z test.
The plots are truncated at 3000 and 100,000 to enhance comparisons at moderate sample
sizes. Panel (a) provides a boxplot estimate of the distribution of sample sizes required from
each group for the SBF-NAP, SBF-JZS and Hajnal(0.3) procedures to cross an exceedance
threshold of £3. About 0.3% of SBF-NAP tests and 11% of SBF-JZS tests required more
than 3000 samples from each group to reach a decision. All Hajnal(0.3) tests terminated by
1180 samples. Panel (b) provides the corresponding boxplots when the exceedance threshold
is 5. About 0.002% of SBF-NAP tests and 10% of SBF-JZS tests required more than
100,000 samples from each group to reach a decision. The black diamonds show the ASN’s
for each procedure. All Hajnal(0.3) tests terminated by 1600 observations from each group.
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Figure S8: Operating characteristics under true alternative hypotheses in two-sample z
test. Panels (a) and (b) depict the ASN’s for three sequential tests when the exceedance
thresholds are £3 and 45, respectively, versus the data-generating value of the standardized
effect size. Panels (c) and (d) provide the corresponding probabilities that each test rejects
the null hypothesis as a function of the standardized effect size.
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Figure S9: ASN for sequential procedures under a true null hypothesis in two-sample ¢ test.
The plots are truncated at 3000 and 200,000 to enhance comparisons at moderate sample
sizes. Panel (a) provides a boxplot estimate of the distribution of sample sizes required from
each group for the SBF-NAP, SBF-JZS and Hajnal(0.3) procedures to cross an exceedance
threshold of £3. About 0.3% of SBF-NAP tests and 11% of SBF-JZS tests required more
than 3000 samples from each group to reach a decision. All Hajnal(0.3) tests terminated by
1060 samples. Panel (b) provides the corresponding boxplots when the exceedance threshold
is +5. About 8% of SBF-JZS tests required more than 200,000 samples from each group to
reach a decision. The black diamonds show the ASN’s for each procedure. All SBF-NAP
tests reached a decision by 103300 samples, and all Hajnal(0.3) tests terminated by 1610
samples from each group.
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Figure S10: Operating characteristics under true alternative hypotheses in two-sample
t. Panels (a) and (b) depict the ASN’s for three sequential tests when the exceedance
thresholds are £3 and 45, respectively, versus the data-generating value of the standardized
effect size. Panels (c) and (d) provide the corresponding probabilities that each test rejects
the null hypothesis as a function of the standardized effect size.

S4.2.2 Performance comparison for the SPRT thresholds

Fig. S11-S16 display the operating characteristics of Hajnal(0.3), default SBF-NAP and

default SBF-JZS tests. The results presented below correspond to the SPRT thresholds




with (a, ) equal to (0.05,0.2) and (0.005,0.05). The figures are comparable to Fig. 7-8 in

the main article.
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Figure S11: ASN for SPRT procedures when the null hypothesis is true in one-sample z
test. Panel (a) provides a boxplot estimate of the distribution of sample sizes required for
the SBF-NAP, SBF-JZS and Hajnal(0.3) procedures to cross Wald’s decision thresholds
at @ = 0.05 and 8 = 0.2. The plot is truncated at 150 samples (5.3% of SBF-NAP tests,
3.33% of SBF-JZS tests, and 1.71% of Hajnal(0.3) tests required more than 150 samples).
Panel (b) provides the corresponding estimate when Wald’s decision thresholds were based
on a = 0.005 and § = 0.05. The plot is truncated at 1500 samples (0.52% of SBF-NAP
and 10.76% of SBF-JZS tests required more than 1500 samples; none of Hajnal(0.3) tests
did). The black diamonds show the ASN for each procedure.
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Figure S12: Operating characteristics under true alternative hypotheses in one-sample z
test. Panels (a) and (b) depict the ASN for three SPRT procedures based on Wald’s decision
thresholds for (a, 8) = (0.05,0.2) and (0.005,0.05), respectively, versus the data-generating
value of the standardized effect size. Panels (¢) and (d) provide the probability that each
procedure rejected the null hypothesis as a function of the standardized effect size.
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Figure S13: ASN for SPRT procedures when the null hypothesis is true in two-sample z
test. Panel (a) provides a boxplot estimate of the distribution of sample sizes from each
group required for the SBF-NAP, SBF-JZS and Hajnal(0.3) procedures to cross Wald’s
decision thresholds at & = 0.05 and 8 = 0.2. The plot is truncated at 250 samples (7.68%
of SBF-NAP tests, 4.37% of SBF-JZS tests, and 3.3% of Hajnal(0.3) tests required more
than 250 samples). Panel (b) provides the corresponding estimate when Wald’s decision
thresholds were based on a = 0.005 and § = 0.05. The plot is truncated at 3000 samples
(0.47% of SBF-NAP and 10.89% of SBF-JZS tests required more than 1500 samples; none
of Hajnal(0.3) tests did). The black diamonds show the ASN for each procedure.
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Figure S14: Operating characteristics under true alternative hypotheses in two-sample z
test. Panels (a) and (b) depict the ASN for three SPRT procedures based on Wald’s decision
thresholds for (a, 8) = (0.05,0.2) and (0.005,0.05), respectively, versus the data-generating
value of the standardized effect size. Panels (¢) and (d) provide the probability that each
procedure rejected the null hypothesis as a function of the standardized effect size.
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Figure S15: ASN for SPRT procedures when the null hypothesis is true in two-sample ¢
test. Panel (a) provides a boxplot estimate of the distribution of sample sizes from each
group required for the SBF-NAP, SBF-JZS and Hajnal(0.3) procedures to cross Wald’s
decision thresholds at & = 0.05 and 8 = 0.2. The plot is truncated at 250 samples (7.82%
of SBF-NAP tests, 4.4% of SBF-JZS tests, and 3.26% of Hajnal(0.3) tests required more
than 250 samples). Panel (b) provides the corresponding estimate when Wald’s decision
thresholds were based on a = 0.005 and § = 0.05. The plot is truncated at 3000 samples
(0.47% of SBF-NAP and 11.18% of SBF-JZS tests required more than 1500 samples; none
of Hajnal(0.3) tests did). The black diamonds show the ASN for each procedure.
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Figure S16: Operating characteristics under true alternative hypotheses in two-sample t test.
Panels (a) and (b) depict the ASN for three SPRT procedures based on Wald’s decision
thresholds for (a, 8) = (0.05,0.2) and (0.005,0.05), respectively, versus the data-generating
value of the standardized effect size. Panels (c¢) and (d) provide the probability that each
procedure rejected the null hypothesis as a function of the standardized effect size.
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