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The hierarchical Ornstein-Uhlenbeck model

Modeling the affect dynamics of a single individual: The OU model with mea-

surement error

The true or latent position in a two-dimensional latent space at time ¢ will be denoted by the vector
O(t) defined as: O(t) = (O1(t),02(t))" and the superscript T indicates the transpose operation.
In the core affect application, ©1(t) refers to the position on the first dimension (pleasantness)
and ©9(t) to the position on the second dimension (arousal). (We will define the model for two
dimensions here and we refer specifically to core affect, but generalizations to more dimensions and
other application areas are possible.) In the model formulation, it is assumed that the true core
affect changes continuously throughout time, but the measurements are taken at a finite number
of time points: t1,%s,...,ts,...,t,, where n stands for the number of measurements. We define the
vector Y (ts) = (Yi(ts), Ya(ts))" as the observed pleasantness and arousal scores at time point .

The general model can then be written as follows:
dO(t) = B<u . @(t))dt +odW (1) "
Y(ts) =O(ts)+ €(ts),

where p is a vector with two components, o and B are positive definite 2 x 2 matrices. The mea-

surement error is represented by €(t5), which is a random draw from a bivariate normal distribution
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with mean (0,0)" and covariance matrix X.. The component W (t) stands for the standard Wiener
process.

Let us first reparametrize the model such that 3 is replaced by I', which has the following
relation to X (see Gardiner, 2004):

¥ =BI'+I'B".

The matrix I' is called the stationary covariance matrix. By integrating over the transition equation
(Eq. 1, first line), we arrive at the conditional distribution of the two-dimensional OU process (see

Appendix B of the paper for a derivation):
O(1)|®(t — d) ~ Ny (u + e Bd <@(t —d)— u), T e*Bdre*BTd> , 2)

where Ny refers to the bivariate normal distribution. As in the unidimensional case, the two-

dimensional process converges to a stationary distribution:
Q(t) ~ NQ(HH I‘)7 (3)

provided that all eigenvalues of B are positive.

The hierarchical OU model

The hierarchical extension requires the specification of population distributions. To proceed with
the model description, assumptions about these distributions will be introduced now.

The hierarchical formulation of the OU model is based on the previously presented equations,
but some new notation has to be introduced. A specific person p (p = 1,..., P) is measured n,
times at the following sequence of time points: t,1,%p2,...,tps,---,tpn,. The index s denotes the
s™ measurement occasion of that individual. For notational convenience, we will use p and s as the
only indicies when denoting parameters or data which are related to the specific observation at ;.

The model for a single person p for whom the observed data are a function of an underlying

OU process and some measurement error can now be written as follows:

Y s = Ops + €ps (4)

where Y s stands for the observed random vector, @,, for the latent state (or true score) and €,
for the measurement error. The conditional distribution of ®,, given ®,, ;1 is normally distributed

as follows (for s > 1):

Ops|Op s—1 ~ N2 (/J‘ps +e Pritnmle)(@, ) — Pps), Tp — ein(tpftp’s_l)FpeiBg(tprtp’S_l)) - (5)
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For the first observation, @1, it is assumed that ©,; ~ Na(p,s, T'p).
The regression of p,; onto the two types of covariates and allowing for a person-specific

random deviation is defined as follows:
Pps = Auzps+ Auxp + Epy, (6)

with Ep, ~ N3 (0,3,,). The matrices A, and A, are parameter matrices of dimension 2 x m and
2 x (k + 1), respectively, containing the regression weights for the covariates. Furthermore, the

covariance matrix X, is defined as follows:

2
o Opip
.= < m o ) (7)
Opipz Opy
For implementation purposes, it is helpful to use another formulation:
Bps = (I2 ® 2ps) 8 + Ay, + Epy, (8)

with ® denoting the Kronecker product. Vector § = vec(A,) is a (2m) x 1 vector of regression
coefficients (the coefficient vectors of each dimension are stacked on top of each other).

As explained in the paper, also the other person-specific OU parameters (Yip, V2p, Pv,, Bip
B2p and pg,) can be made functions of time-invariant covariates. The population distribution for the
other parameters is unidimensional. As an example, the population distribution for 71, is defined

as

Yip ~ LN (z, ., ail),

where the density function is:

1 1 (log(v1p)— g 0ty )2
flyp) = ——F—¢ : 9)

Yipy /2702,

The same properties are valid for 7o, 31, and Bap.

In the case of the standardized off-diagonal elements (p,, and pg,), it is assumed that their

Fisher-z transformed values F(p,, ) = 5 log i’;:p and F(pg,) = 5 log i;g L are drawn from a normal
P P

population distribution, the mean of which mean depends on covariates. As an example, let us

consider p,, (pg, follows the same reasoning):

F(py,) ~ N(x;apw, 0/2,7).
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The density of the original p,, then equals (applying the transformation of variables technique, see
e.g. Mood, Graybill, & Boes, 1974):

dF (pv,)
F(pry) = 'dp O(F(pry )il 02 )
p
B 1 1
(=)0 72) foncz,
14p+ 2
1 (3log (1=5) — T, )

xexp| — 5 5 , (10)

UP"/

where F(-) is the Fisher-z transform and ¢(z; 1, 02) is the normal density evaluated at z with mean
p and variance 2. Again, «, contains k + 1 regression coefficients.
Having completed the description of the model, we will summarize in the next section how

the statistical inference is carried out.

Bayesian inference in the OU model

As explained in the paper, we opt for the Gibbs sampler whereby, in each iteration, a new value of
each parameter is sampled, based on the full conditional distribution of the parameter in question
(i.e., the probability distribution of the parameter, given the values of all other parameters as
obtained in the previous iteration, as well as the data). The full conditional of all parameters have
to be derived. If such a full conditional is a known distribution, then drawing a random sample
from it is straightforward. If the full conditional does not correspond to a known distributional
form, however, we will implement a Metropolis-Hastings (M-H) step (Gelman, Carlin, Stern, &
Rubin, 2004, p. 291) in the Gibbs sampling structure.

As a first general step for describing the inference, we give the contribution of one person to
the likelihood:

L, = L(Hpop’Fp72€7{®P3}Zil | {Yps}gil)
= f({YpS}:il | {Gps}gilagﬁup)aaBp)Fp)p

where {Y,}.”; and {©p}.7; stand for the indexed lists {¥p1,Yp2,...,Y,,,} and
{©p1,0p2,...,0,,,}, respectively.  Instead of presenting the posterior distribution hereby,
we immediately go on with describing the full conditionals of each parameter. Note that we will
represent p,, in these derivations as the person-specific home base (i.e., the random intercept) with

a mean possibly different from zero.
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The full conditional of the latent state ©,;

We use a single move sampler (as opposed to a multimove sampler) to draw each latent state value

separately (Carter & Kohn, 1994). We choose a normal distribution as a prior for ©,,:
®ps ~ NZ(@07 (I)("))

To achieve a relatively uninformative prior, we set the mean & to 0 and choose a high variance
(®e = 1000 x I,). If we combine its normal likelihood with this normal prior, the full conditional
also has normal distribution.

For convenience, we introduce some new notations, which will stand for time differences.
With dj, s+1, we denote the time difference between ¢, 1 and t, . Also d, s stands for the time
difference between ) s and t, s—1. Finally dy, », equals t, 5, —tpn,-1-

The values of the latent state @, are drawn sequentially. Since for the first point the
likelihood is a bit more simple (it is estimated with the stationary distribution), the full conditional

of the first observation (s = 1) is different from the rest:
(Op1 | pp1, Tp, e, Y1) ~ Nao(Me,,, Ve, )
with covariance matrix
Ve, = (@' +=1 + I‘;l)_1
and mean
Me, =Ve,(®5'00+ 3 'Y, + T, 1,y).

As we can see, the full conditional of ®p; only depends on p,;, I'p, Xc and Y. On the
other hand, for s > 1, ®,, is conditional on the previous latent state value (®,, _1), the next latent
state value (@, s11), some of the model parameters (u,, §, By, 'y and %), the corresponding data

point (Y ,s) and the time-varying covariate information (zs) :
(Gps | Hpss Bp’ Fp? 3, YPS7 61’73*1’ ®p,8+1) ~ NQ(M@psv V@ps)?
since

Ve, = (@' + T+ V! 4 (e Brdeos)TV 1 (7 Bripssn)) 7!
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and

= V@p (q)@ O+ 3_ Yps + Vps s
_’_V;leprdpS@ o1 — V;;s eprdple/pS
+ (e BrivernyT V_s+1@p s+1

— (e Brdps+1)T

ps

V_s-‘,-ll’l’p,s—i-l

—-B,d s+1 —Bypdp,s4+1
—|—(€ PPt ) Vp s+1e PPt up,erl)a

where Vs is defined as:

ps T, — e—Bp(tps—tp,s—l)I‘pe*Bg(tr’S*t?vS*I) if s > 1.

. The definition of V', 511 is analogue (with the appropriate changes of indices).
Naturally, the likelihood of the last point @, ,, can not depend on the next observation point

©®,, s+1, therefore its posterior has a simpler form:
(®p:np | “’ps’ Bp’ Fp’ 26’ Ypynp) ~ NQ(M(")p,np’ V(")p,np)7
with covariance matrix

Ve,., = =(®5'+ 3,1 +V

pnp)

and mean

_ 1
M@p‘np = V@, (‘I) @0 + 2 Yp np + Vp npMp,n,
-1 _—B,d -1 _—Byd
+Vp,np€ pUp.np ®p7np—1 - mepe p¥p,np I,Lp’np).

The full conditional of the person-specific parameters

In the case of the two-dimensional parameter p,, its bivariate normal prior) combined with its

bivariate normal likelihood results in a bivariate normal full conditional density:

(Np | {@ps}ZiDerpv‘svamzu) ~ Na(82p, @p).
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where
Tp Tp
2, — (B4 VoY vle B
s=2 2
np Np 1
=3 (e BTV 3 (e BTy e B )
s=2 s=2
p
Q = 9, <2M1zgau T, Fud+T,'0, +> V,'0,
s=2
p np
. Z V;sleprdps epﬁ_l _ Z(eprdps)Tvgsl eps
s=2 s=2
Tip
+Z des 1 Bdm@pas 1= ZV 1Fp$5
s=2

+Z ~BrdpeyT F5> (12)

and we define Fp, = Io ® zps — e Brids [y @ Zps, and Fpp = I ® zp1.

The conditional distributions for the unidimensional person-specific parameters do not have
a known form. Therefore for these parameters we give the product of the likelihood and the prior,
which is proportional to the full conditional. The prior distributional assumptions for these param-
eters are represented by their population densities, which have been specified in Equations 9 and
10. In the derivation of the conditionals, we have to distinguish between two groups of parameters.
In the case of vy1p, 72 and pp, the first observation of the chain must be taken into account, while
for B1p, Bop and pgy, it does not. As a result, their likelihoods differ slightly. Within these two

groups, however, the likelihoods are identical. In the first group, we multiply over all observations:

frp | {@ps}g”pup,’yzp,pw,B )

o F) [TVl e (VM) (13)
s=1
where M, is defined as:

" ifs=1
My = e , (1)
l"’ps +e p(tps p,sfl)(@pﬁ_l — I“l‘ps) ifs>1

and V4 are defined as in Equation 11. The same derivation can be done easily for v, and p, as

well.
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For the second group, we start multiplying from the second observation (s = 2) onward:
(5lp | {@ps}s 1 Mps pﬁ?p?Pﬂp)

X f(/glp) H‘VPS _%6_%(MIF£SV;$1MPS) . (15)

s=2
The full conditional of the regression terms

First, we start with the regression coefficients of the time-varying covariates, which have a rather
special design: the coefficients of the two dimensions are stacked below each other in a vector 9, as

defined in Equation 8. As prior for §, we choose a multivariate normal distribution:
0 ~ Nop(Ms,,Vs,).

To achieve a relatively uninformative prior, we set Mg, to 0 and we choose a high variance
(V5, = 1000 x Iyg). By combining the normal prior with the normal likelihood, we can derive the

conditional distribution of 8, which is a multivariate normal distribution:
(0 1 {O®ps}s21, By, Ty, Moy, Vig,) ~ Nap(Ms, V).

with the following parameters:

-1
Tp

P
Vs = ZFplI‘ "Fpi+> Y FRV

p=1 s=2

Ms = Vs <V501M50 + Z FiT,'©, - Z FiT,) 'y,
p=1 p=1

P np P np
22 FpVil®n =3 > FLVyuln,
p=1 s=2 p=1 s=2
P np P np
_ZZF 1 —depge 1 +ZZF 1 _depsl»l/p>7
p=1 s=2 p=1 s=2

where F'),s and F'; are defined as for Equation 12.

Second, we deal with regression coefficients of the the time-invariant predictors. They can
appear in all population distributions of the person-specific OU parameters, thereby allowing every
dynamic model parameter to be turned into a random effect. Let us first specify the priors. A

uniform distribution is used as a prior for the regression coefficients

f(ah) X 17
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where h can be equal to w1, p2, 71, 72, py, 51, B2 or pg. For the residual variance parameters, we

choose a uniform prior on log o, such that:

foh) < 03,2,
where h again equals one of the unidimensional parameters v1,72, py, 81, B2 or pg. For the two-

dimensional p, a prior has to be set on its covariance matrix X, which can be specified as:
-3
F(B0) o B [T,

which is the bivariate Jeffreys prior. All these priors can be considered non-informative.

For deriving the full conditional distributions of the regression terms for the person-specific
parameters, we again separate p from the unidimensional parameters (y1, v2, py, 61, B2 and pg).
The distributional forms for the regression terms of the latter ones are identical. Here we give the
example of the full conditionals of o, and U,QYl (but 41 could be substituted by 72, py, 51, B2 or pg

as well):

1 . _ A
floy, |711,...,71p,0§1) X exp < —5 (oey, — Xa’Yl)T Vg1 (e, —Xa%)), (16)

T
p

underneath each other. If we denote g = (log(y11), - - -, log(v1p))* such that &,, = (X" X) 1 X"g

where X is a P x (k 4+ 1) matrix defined by stacking the person-specific covariate vectors x

and V4 = ng(X TX)~! it can be seen that the full conditional of v, is a normal density with
mean X &, and covariance matrix V.

The full conditional for 0,2”, the residual variance of v, , has the following form:

2 2\~ (E=k=141) *%751)82
flos, [ miseomp) o (0,)7 V2 e "

)

with

2 1

ST P k-1

(g - Xd’Yl)T(g - Xd’h)a

which corresponds to a scaled inverse-y? distribution with scale s?> and degrees of freedom P —k — 1
(see e.g. Gelman et al., 2004, Appendix A); and where g, X, and &, are defined in the same way
as in Equation 16.

The full conditional of e, and its covariance matrix X, are also known densities. Their
derivation involves a bivariate regression problem. Here we just give the solution for the parameters

in question (for a general step-by-step treatment of the problem, see Zellner, 1971). First, the data
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have to be rearranged. We define the matrix M as the P x 2 matrix of individual home base
intercepts, that is M = (g1, ..., pp)". Then the least squares regression coefficient matrix (of the
regression of M on X, where the latter is defined in Equation 16), equals A“ =(X"X)"'X"M.

T
B’

also define @, = (o, o, )" and S = (M — XA,)"(M—XA,). The full conditional of X, then

Stacking columns of A“ below each other results in &, = (A A;Q)T. In the same vein, let us

equals
f(EN ’ M5 7IJ‘P) X ’2“|7v/2 eiétr(zﬁls%

where v = P — k+ 2, and tr(-) denotes the trace operator. This density corresponds to an inverse-
Wishart distribution with P — k + 2 degrees of freedom and scale S. In the estimation algorithm,
¥, has to be sampled first, and based on its value the matrix «,, can be sampled from the following

conditional density

Fletp | Sy g ) ox (O (5 0mm ] =),

T)—l.

which is a bivariate normal density with mean é,, and covariance matrix 3, ® (zpx,

The full conditional of X,

The covariance matrix of the measurement error is constrained to be a diagonal matrix:

U%E 0
0 O'%e '

. 2 2 . . . . . 2 2
We will sample o7, and o3, in identical ways. First, we assume prior independence for ¢{, and o3,

3=

and we demonstrate the inference with o2.. As a prior, we take a scaled inverse-y? distribution:

U%e ~ inV—Xz(V(]v 8%)

If we combine this with the likelihood of o2, which is univariate normal, the result is another scaled

inverse-y? distribution:

(0F [{Y (ti)}olys oo AY (o)} AO(t1s) 1oLy - {O(tps)})
~ inV'XQ(Vai’ Soi)v

with parameters

P
Vg2 =10 + E np
p=1



HIERARCHICAL LATENT SDE MODEL 11

and
_ 2 2
80'%6 - (VOSO +s )/VUi?
where
P np
2 2
§ = E E (ypsl - stl)
p=1s=1

Sampling specifications

As has been discussed above, we use the Gibbs sampler for sampling from the full conditionals
with a known form, which is the case for most of the parameters. Only for vi,, Y2p, pv,, Bip,
B2p and pg, (the elements of Ty and B,), we need to implement a Metropolis-Hastings step. For
this purpose, reasonable candidate generating distributions have to be assigned. With regard to
the two matrices I', and B, there is also a constraint which has to be met. According to the
theory of the OU process, the matrix product B,I'), + I‘pBg has to be positive definite, since it
represents the instantaneous covariance matrix (see e.g., Dunn & Gipson, 1977). Implementing such
a restriction is a complex task, so most of the applications on the OU process have opted for an
isotropic constraint on B, with positive diagonal elements (Blackwell, 1997; Oravecz, Tuerlinckx, &
Vandekerckhove, 2009), in which case the aforementioned criterion is always automatically fulfilled.
However, our present model incorporates a more general representation of B,. Accordingly, a
technique is needed to preserve the positive definiteness of the matrix product B,I'), + I‘pBg.
Our method is the following. First of all, B, and I, matrices are decomposed into subelements,
as has been shown in the paper. The idea is to sample each of the subelements (Y1, Y2p, Pv,»
Bip, B2p and pgp) subsequently in Metropolis-Hastings steps in such a way that their candidate
generating distributions are constrained as a function of the previously accepted values of the
other five subelements. We infer the form of the function by constraining the determinant of the
result of the matrix-product B,I';, + I‘pBg to be always positive (this is a sufficient condition
for positive-definiteness in the two-dimensional case with positive diagonal elements, based on
Sylvester’s criterion). First B,I', + I‘,,Bg has to be solved based on the decomposed elements.
This way the resulting 2-by-2 matrix consists of four elements which are sums and products of the
six subelements in B, and I',. Second, we calculate the determinant of this form and constrain it
to be larger than 0, which results in a fourth order polynomial. Finally, solving this polynomial
for the six different subelements gives us its roots. We can sufficiently constrain the candidate

generating distributions based on these values. In practice, truncated normal distributions were
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implemented with the previously accepted value as a mean and with a variance which ensured a
reasonable acceptance ratio (around 0.44, see Gelman et al., 2004, p. 306).

A software program to sample from the joint posterior was written in MATLAB. Since the
process is computationally demanding, some subroutines of the code have been written in C++,
which then can be called from MATLAB in a straightforward way. Consequently, the computation

time is reduced. To demonstrate the program, we present a simulation in the next section.

Simulation

To demonstrate the algorithm, we performed two simulation studies. In each study, we simulated
ten datasets with 100 subjects and 100 observations per subject, according to the presented model
assumptions. To imitate the properties of a dataset the model is most likely to be used for, we
assumed that the data came from consecutive measurement during ten days, ten measurements per
day at random intervals. The observation time points are arranged according to this design, and
are calculated in minutes. As time-varying covariate information, we use the measurement times
and their squared value in hours, this way accounting for linear and quadratic time-effects (0,
dQu1» OLus»> 0Qu») in the home base.

The presented model was fitted to the simulated datasets by using the aforementioned MAT-
LAB routine. For each parameter, three chains were run with different starting values to explore
the full conditional densities. The different starting values are used to test whether the algorithm
does not get stuck in a local maximum. The results are based on 30000 draws from each full
conditional (10000 iterations per chain). These iterations were preceded by a discarded burn-in
period (5000 iterations in each chain), avoiding the incorrect starting values to influence the final
estimates. No matter what starting values are set, the chains have to converge around the same
value. Convergence can be checked visually and mathematically as well. The mathematical way
to check convergence is to calculate the R value (Gelman et al., 2004), which expresses the ratio
of the between- and within chain variances. In the literature on Bayesian statistics, the chains are
considered to have converged if the R value is below 1.1. We used the visual and the mathematical
criteria as well to asses the convergence of the simulated chains, and we experienced no problems
with it in the current analyses.

The computation time per chain was about 4 hours on a computing node with an AMD
Opteron250 processor and 2Gb of RAM. Tables 1 and 2 summarize the most important results

for the two simulation studies. In the first simulation study, we choose most of the parameters
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in correspondence with a real life application, except for the measurement error of the second
dimension (03,), which was increased. In the second study, we increased the measurement error
even further, and we slightly altered the other parameters as well. The main difference between
the two studies is in the magnitude of the supposed measurement error (0%, and 03,): the second
simulation setting corresponds to a rather noisy dataset. In each table, the first column contains
the notation of the selected variables of interest. The second column shows their true values as
simulated. The third column is the averaged recovered posterior mean: the average of the posterior
means over the simulation studies. The fourth column is the standard deviation of these posterior
means.

The recovery in the first simulation study (Table 1) can be considered sufficient. However,
there were minor issues in the second study (Table 2), where the parameter settings corresponded
to a noisy dataset. As we can see, the algorithm does especially well at estimating the home bases
and the related time-varying coefficients. With regard to the more problematic parameters, the

estimate of oy, seems somewhat biased in the second simulation. The value itself overestimates the

2
Y1

on the fact that the second simulation study has rather a extreme setting on this parameter, in

true (simulated) value, and its variance o2 is lower than expected. However, we have to remark
terms of comparing the level of this so-called stochastic variability to the level of the measurement
error variance. The expected stochastic variance in the first dimension (based on the mean (a.,)
and the variance (031) of the lognormal distribution for +;) is around 3.5, which is lower than the
variance of the noise (07, = 4.00). Such a ratio might make it very difficult to correctly estimate
these two parameters, as some trade-offs are likely. Clearly, the estimation procedure can still be
improved in that respect. However, based on experience, we do not typically expect a very high
level of measurement noise in substantive applications. In the second dimension, where the ratio
2

of the measurement error (03,) and the stochastic variability (c,) favors the latter, the estimation

algorithm is more accurate.
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Table 1:: Summary of the results of simulation study 1.

Model Simulated Mean posterior SD of the posterior

Parameter value estimate estimates
o 6.00 5.99 0.04
Vs 5.00 4.97 0.07
O 0.40 0.42 0.07

O i 0.05 0.04 0.04
T 0.30 0.27 0.05
5L 1.00 1.00 0.12
SQu 0.00 —0.01 0.12
Ly 4.00 3.96 0.12
5Qus —4.00 —4.00 0.14
y, 0.80 0.77 0.07
o2 0.40 0.38 0.04
Uy 1.00 1.01 0.10
o2, 0.20 0.20 0.03
ay, 0.01 0.09 0.03
a3, 0.10 0.08 0.01
ag, —4.20 —4.21 0.04
a3, 0.40 0.39 0.10
ag, —4.00 —3.93 0.09
93, 0.50 0.49 0.18
g, —0.10 —0.11 0.03
o5, 0.10 0.08 0.02
ol 0.20 0.21 0.04

o3, 1.00 0.88 0.13
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Table 2:: Summary of the results of simulation study 2, with a higher level of measurement error

Model Simulated Mean posterior SD of the posterior

Parameter value estimate estimates
o 0.00 —0.04 0.12
Wy 0.00 —0.01 0.14
O 2.00 2.14 0.32

O i 0.70 0.71 0.23
T 1.00 0.93 0.17
S 2.00 1.86 0.22
SQu 0.00 0.10 0.22
Ly 0.00 —0.01 0.26
SQus 4.00 3.99 0.26
, 1.00 1.32 0.11
o2 0.50 0.28 0.05
Uy 2.00 1.95 0.10
o2, 0.10 0.10 0.02
sy, 0.50 0.41 0.05
a3, 0.10 0.05 0.01
ag, —4.00 —3.75 0.24
o5, 0.50 0.40 0.26
ag, —3.50 —3.44 0.20
93, 0.10 0.18 0.13
g, 0.50 0.38 0.07
agp 0.10 0.06 0.03
ol 4.00 3.20 0.24

o3, 2.00 2.13 0.73
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