Supplemental materials, A three-component model of relational responding in the transposition paradigm
Appendix A, Nonlinear mixed effect modeling code for R

All simulations were conducted using the nlme library in R (available for free download from http://cran.r-project.org/ for Windows, Macintosh, and Unix platforms). The data were saved as a text file with seven columns: the subject identifier, group code, testing pair, mean accuracy calculated as the proportion of correct responses, and scaled values of the gradient, relational disparity, and familiarity predictors. Each row represented the mean performance of a single subject to a single testing pair. The data were next imported into R for simulations. The following command can be used to import the data contained in a file named myfile.txt that contains column headers and uses commas as delimiters:
mydata<-read.csv("myfile.txt")
This command reads the data file and stores it in a local variable called mydata. To ensure that the data were read correctly, the following command showing a statistical summary for each column can be used:
summary(mydata)
The following commands must be used prior to all analyses to load the nlme library, to designate the numeric group variable as a categorical variable (not necessary if the values are text), and to specify the repeated measures structure of the data. The results are stored as a new grouped dataset in a variable called mydatag. The example below assumes the column names were “subject”, “group”, and “accuracy” but other names can be chosen as well.
library(nlme)
mydata$group<-as.factor(mydata$group)
mydatag<-groupedData(accuracy~1 | subject, data=mydata)
We next present a sample analysis in which the values of gradient (grad) and relational disparity (rel) are used to predict testing pair accuracy, and the strength of each predictor is allowed to vary across training groups. In other words, the model described in this command allows for different strengths of both predictors, grad and rel, across one-pair, two-pair, and three-pair training groups:
    myresult<-nlme(accuracy ~ 1 / (1 + exp(-g*grad-r*rel)),
    		fixed = c(g+r~group),
    		random=pdIdent(g+r ~ 1),
    		data=mydatag,
  		start=c(g=0.1,r=1,0,0,0,…),
   		verbose=TRUE)
The initial argument in the syntax above, accuracy ~ 1 / (1 + exp(-g*grad-r*rel), specifies the model equation (see Eq. 7) and designates local variables g and r to represent the strength of the corresponding predictors.
The argument fixed = c(g + r ~ group) indicates that both predictors can vary across training groups, and this argument can be modified to produce different models. For example, replacing this argument with fixed = c(g ~ 1,r ~ group) produces a model in which the strength of the gradient predictor remains constant across groups, but the strength of the relational disparity predictor is allowed to vary across groups.
The argument random = pdIdent(g + r ~ 1) specifies the random effects structure of the model. Here, both g and r are allowed to vary across subjects as defined by the grouping specification in the groupedData command. Simpler models can be chosen in which only one of these predictors is allowed to randomly vary across subjects (e.g., random = pdIdent(g ~ 1)). The estimated values of the random subject variations in predictors allowed to vary around the fixed estimate can be elicited by the command, ranef(myresult), after the model has run.  Note that we used an identity matrix as our covariance structure (pdIdent), but other options may be more suitable for different situations (see Pinheiro & Bates, 2000, for more details).
The argument start = c(g = 0.1,r = 1,0,0,0,….)specifies starting values for each predictor for each condition or grouping variable. The first two statements, g = 0.1 and r = 1, specify the starting values of each predictor for the first group, whereas the numbers in the subsequent list specify variation around the initial numbers for the other groups, if these predictors are allowed to vary across groups. Frankly, this can be the trickiest and most counterintuitive part of the analysis. If, as in the example above, the model allows both predictors to vary across three groups (fixed = c(g + r ~ group)), then there are six starting values in this list because there are three g estimates (one for each group) and three r estimates (one for each group). Therefore, the full argument is start = c(g = 0.1,r = 1,0,0,0,0). If the model allows only the g predictor to vary across the three groups (fixed = c(g ~ group, r ~  1)), then there are four starting values in this list because there are three g estimates (one for each group) and one r estimate (the same for each group). If the model fails to converge, then different starting values can be used (e.g., a “0” can be replaced with small positive or negative values).
Finally, the argument verbose=TRUE provides information for each iteration of the algorithm and can be deleted in order to speed up the computation. The detailed description of this and other commands in the nlme library is available at http://cran.r-project.org/web/packages/nlme/nlme.pdf
Once the model has converged on a solution, the following command can be used to display the results:
summary(myresult)
 A summary output is shown in Figure A1. The top portion of the output provides three indices of quality, the Akaike information criterion (AIC), the Bayesian information criterion (BIC), and the log-likelihood (logLik), each of which can be used for comparing and selecting the best model (lower values indicate a better model according to AIC and BIC, whereas higher values indicate a better model according to logLik). The row g.Intercept provides the best-fitting value for the strength of the gradient predictor in first group (one-pair training group in our case), and the p-value in this row indicates that the g predictor in the one-pair training group is significantly different from zero. The next two rows, g.group2pair and g.group3pair, indicate the difference between the g strength for the one-pair training group and its value in that group. For example, the g strength for the two-pair training group equals to 2.96 + 0.25 = 3.21. More importantly, the p-values in both rows indicate that this increment in the g value is not statistically significant. We can further confirm this fact by running the following command that provides an overall assessment of significance:
anova(myresult, type = "marginal")
 Figure A2 shows the output of this command. The first row again shows that the g value in the first group is significantly different from zero, confirming that the gradient predictor has overall statistically significant explanatory power and should be retained in the model. However, the second row confirms that the strength of the gradient predictor does not vary significantly across groups, indicating that the model should be re-run with the gradient predictor held constant across groups (i.e., not be allowed to vary across training groups; see Appendix B for more details). In contrast, the next two rows show that the relational disparity predictor has overall statistically significant explanatory power and varies significantly across groups. Returning to Figure A1 (an output of summary command), we can calculate the values of value of r for each of the three training groups:
One-pair training group = 1.54 (equals to r.Intercept)
Two-pair training group = 6.84 (equals to r.Intercept plus r.group2pair)
Three-pair training group = 11.66 (equals to r.Intercept plus r.group3pair)
The remainder of the output shows the correlation structure and standardized within-group residuals; the interested reader can consult Pinheiro and Bates (2000) for more details.
Before adding the familiarity predictor to our model, this variable must be centered to avoid multicollinearity and to ease interpretation. Centering can be done directly in R by using the following command that creates a new local variable c.fam:
mydatag$c.fam<-mydatag$fam-mean(mydatag$fam)
The following nlme command can be used to test a model in which the strengths of the relational disparity and centered familiarity predictors are allowed to vary across training groups, but the strength of the gradient predictor is held constant:
myresult1<-nlme(accuracy ~ 1 / (1 + exp(-g*grad-r*rel-f*c.fam)),
	fixed = c(g~1,r+f~group),
	random=pdIdent(g+r+f ~ 1),
	data=mydatag,
	start=c(g=0.1,r=1,f = 1, 0,0,0,0),
	verbose=TRUE)
Because g is constant, there is only one value to be estimated, whereas there are three values of r and three values of f; thus, there are seven values in the start list.
Finally, the following command can be used to formally compare the explanatory power of the two models using a likelihood-ratio test:
anova(myresult,myresult1)
Figure A3 shows the output of this command. The output contains values of AIC, BIC, and log-likelihood for each model, as well as the LR value of a likelihood ratio test comparing the two models and the p-value for the test. The output indicates that adding the familiarity predictor clearly produced a significantly better fit despite an increase in the degrees of freedom.
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Figure A1. An output from the summary command in the nlme library. 
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Figure A2. An output from the anova command based on the results of a single nonlinear mixed-effect model fit.
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Figure A3. An output from the anova command comparing the fit of two different nonlinear mixed-effect models.

Appendix B, Model selection
We fit a series of theoretically relevant models until we discovered the model with the best fit according to the Akaike Information Criterion, or AIC (i.e., with the smallest AIC values; Akaike, 1974). Both the AIC and BIC fit indices are based on the log-likelihood of the data given the model and includes penalties for model complexity; the penalty for complexity is higher for the BIC than for the AIC. In addition to the AIC criterion, we conducted an analysis of variance on the results of each model (see Appendix A for more details) to further inform our selection process. The absence of a significant effect for a fixed predictor indicates that it has little effect on the predictive ability of the model. The absence of a significant effect for a predictor that is allowed to vary across the training groups indicates that the best-fitting predictors do not, in fact, differ significantly across training groups.
The initial model always included generalization, g, and relational disparity, r, as predictors because our and others’ empirical data strongly suggested that both generalized associative strength and relational disparity play an important role in determining an organism’s behavior in the transposition task. We next established whether g and r produced the best fit when allowed to vary across training groups or when fixed. Finally, we added the fixed familiarity predictor, f, and if it improved the fit, then we allowed it to vary across conditions to find the best-fitting model.
Model selection for Experiment 1: Small Circle condition
Model 1: Two predictors (r and g), both vary
AIC = -304.17
Gradient: F (2, 199) = 0.12, p = 0.89; no evidence that strength of g varies across groups
Relational disparity: F (2, 199) = 29.31, p < 0.0001; significant difference in strength of r across groups
Model 2: Two predictors, r varies, g is fixed
AIC = -307.79
Gradient: F (1, 201) = 44.15, p < 0.0001; significantly improves explanatory power and should be retained
Relational disparity: F (2, 201) = 38.89, p < 0.0001; same as above
Model 3: Three predictors, r varies, g and f are fixed
AIC = -368.43
Gradient: F (1, 200) = 47.21, p < 0.0001; same as above
Relational disparity: F (2, 200) = 18.43, p < 0.0001; same as above
Familiarity: F (1, 200) = 48.35, p < 0.0001; significantly improves explanatory power, but it is not yet clear whether its strength should vary across groups
Model 4: Three predictors, r and f vary, g is fixed
AIC = -372.66
Gradient: F (1, 198) = 49.61, p < 0.0001; same as above
Relational disparity: F (2, 198) = 17.17, p < 0.0001; same as above
Familiarity: F (2, 198) = 4.27, p = 0.015; significant difference in strength of f across groups
Final model: All three predictors included, strength of g is constant, strengths of r and f vary across groups
Model selection for Experiment 1: Large Circle condition
Model 1: Two predictors (r and g), both vary
AIC = 4.07
Gradient: F (2, 199) = 1.52, p = 0.22; no evidence that strength of g varies across groups
Relational disparity: F (2, 199) = 5.73, p = 0.004; significant difference in strength of r across groups
Model 2: Two predictors, r varies, g is fixed
AIC = 3.71
Gradient: F (1, 201) = 14.45, p = 0.0002; significantly improves explanatory power and should be retained as a fixed factor
Relational disparity: F (2, 201) = 5.02, p = 0.007; same as above
Model 3: Three predictors, r varies, g and f are fixed
AIC = -185.55
Gradient: F (1, 200) = 6.78, p = 0.0099; same as above
Relational disparity: F (2, 200) = 5.38, p = 0.02; same as above
Familiarity: F (1, 200) = 65.12, p < 0.0001; significantly improves explanatory power, but it is not yet clear whether its strength should vary across groups
Model 4: Three predictors, r and f vary, g is fixed
AIC = -187.74
Gradient: F (1, 198) = 7.25, p = 0.0077; same as above
Relational disparity: F (2, 198) = 6.02, p = 0.015; same as above
Familiarity: F (2, 198) = 3.23, p = 0.042; significant difference in strength of f across groups
Final model: All three predictors included, strength of g is constant, strengths of both r and f vary across groups
Model selection for Lazareva, Wasserman, & Young (2005)
Model 1: Two predictors (r and g), both vary
AIC = -99.41
Gradient: F (2, 69) = 0.18, p = 0.22; no evidence that strength of g varies across groups
Relational disparity: F (2, 69) = 22.27, p < 0.00001; significant difference in strength of r across groups
Model 2: Two predictors, r varies, g is fixed
AIC = -103.07
Gradient: F (1, 71) = 2.75, p = 0.102; although gradient does not significantly improve explanatory power, there is a strong theoretical reason to retain it as it represents the influence of prior training history
Relational disparity: F (2, 71) = 26.76, p < 0.0001; same as above
Model 3: Three predictors, r varies, g and f are fixed
AIC = -108.08
Gradient: F (1, 70) = 1.69, p = 0.19; same as above
Relational disparity: F (2, 70) = 15.99, p < 0.0001; same as above
Familiarity: F (1, 70) = 6.79, p = 0.01; significant explanatory power, but it is not yet clear whether its strength should vary across groups
Model 4: Three predictors, r and f vary, g is fixed
AIC = -104.38
Gradient: F (1, 68) = 1.41, p = 0.24; same as above
Relational disparity: F (2, 68) = 9.00, p = 0.0003; same as above
Familiarity: F (2, 68) = 0.13, p = 0.88; no evidence that strength of f varies across groups
Final model: All three predictors included, strengths of g and f are constant, strength of r varies across groups
Model selection for Experiment 2
Model 1: Two predictors (r and g), both vary
AIC = -130.71
Gradient: F (1, 60) = 0.52, p = 0.47; although gradient does not significantly improve explanatory power, there is a strong theoretical reason to retain it as it represents the influence of prior training history
Relational disparity: F (2, 60) = 9.25, p = 0.004; significant difference in strength of r across groups
Model 2: Two predictors, r varies, g is fixed
AIC = -130.83
Gradient: F (1, 61) = 0.26, p = 0.61; same as above 
Relational disparity: F (2, 61) = 5.09, p < 0.027; same as above
Model 3: Three predictors, r varies, g and f are fixed
AIC = -127.38
Gradient: F (1, 59) = 0.17, p = 0.68; same as above
Relational disparity: F (2, 59) = 8.64, p = 0.0047; same as above
Familiarity: F (1, 59) = 1.16, p = 0.29; no evidence that it significantly improves explanatory power; suggests that the predictor should not be included in the final model
Final model: Two predictors out of three included, strength of g is constant, strength of r varies across groups

Model selection for Experiment 1, Small Circle condition, with only one-pair and two-pair conditions included (for comparison with Experiment 2)
Model 1: Two predictors (r and g), both vary
AIC = -165.07
Gradient: F (2, 137) = 0.05, p = 0.82; no evidence that strength of g varies across groups
Relational disparity: F (2, 137) = 25.45, p = 0.0049; significant difference in strength of r across groups
Model 2: Two predictors, r varies, g is fixed
AIC = -167.00 
Gradient: F (1, 138) = 29.07, p < 0.0001; significantly improves explanatory power and should be retained as a fixed factor
Relational disparity: F (1, 138) = 29.64, p < 0.0001; same as above
Model 3: Three predictors, r varies, g and f are fixed
AIC = -205.15
Gradient: F (1, 136) = 31.41, p < 0.0001; same as above
Relational disparity: F (2, 136) = 17.77, p < 0.0001; same as above
Familiarity: F (1, 136) = 3.97, p = 0.048; significantly improves explanatory power, but it is not yet clear whether its strength should vary across the groups
Model 4: Three predictors, r and f vary, g is fixed
AIC = -205.15
Gradient: F (1, 136) = 31.41, p < 0.0001; same as above
Relational disparity: F (2, 136) = 17.77, p < 0.0001; same as above
Familiarity: F (1, 136) = 3.97, p = 0.048; significant difference in strength of f across groups

Final model: All three predictors included, strength of g is constant, strength of both r and f vary across groups


Appendix C, Bubble charts of pigeons’ responses to individual testing pairs

Experiment 1: Size discrimination
Figure C1 shows the combined results of the three tests depicting birds’ accuracy to each of the testing pairs as bubble charts (19 testing pairs in the one-pair group, 18 testing pairs in the two-pair group, and 17 testing pairs in the three-pair group). In these charts, the X-axis plots the log-transformed diameter of the first circle in the pair and the Y-axis plots the log-transformed diameter of the second circle in the pair. The increase in circle diameter, together with the change in color, denotes an increase in the percentage of relational choices. Black crosses indicate the location of the training pairs for each group.
These charts clearly show a robust increase in the percentage of relational choices with an increase in the number of training pairs, as indicated by the increase in the size and the change in color of the circles from one-pair to two-pair to three-pair training. In most cases, there was also a tendency for relational responding to become more robust with an increase in the disparity between the testing stimuli (especially in the case of one-pair and two-pair training in the Large Circle condition), as indicated by the increase in the size and the change in color of the circles within the columns along the Y-axis and in the upper left corner of the chart in comparison to the upper right corner. Finally, relational responding appears to have been modulated by the overall similarity of the testing pair to the nearest training pair, most evident in the Large Circle condition. For example, after one-pair training in the Large Circle condition, the testing pairs producing high levels of relational responding are located around training pair S5-S6 in the similarity space, with the levels of relational responding declining with an increase in the distance between the training pair and the testing pair.

Experiment 2: Speed discrimination
Figure C2 depicts the combined results of the six tests showing the birds’ accuracy to each of the testing pairs as bubble charts (17 testing pairs in each group). As in Figure 1, the X-axis on these charts plots the log-transformed speed of the first stimulus in the pair and the Y-axis plots the log-transformed speed of the second stimulus in the pair. The increase in circle diameter, together with the change in color, denote an increase in the percentage of relational choices, and the black cross indicates the location of the training pairs for each group.
In contrast to Experiment 1, in which relational responding was most evident after two-pair and three-pair training (cf. Figure C1), here even one-pair training generated reliable relational responding to all of the testing pairs except to pair S4-S6, as indicated by the increase in the size of the circles and by the change in their color. After two-pair training, the birds responded relationally to all of the testing pairs. Similar to Experiment 1, Figure 2 further illustrates the tendency for relational responding to become more robust with an increase in the relational disparity between the testing stimuli (as indicated by the increase in the size of the circles and the change in their color along Y-axis), and to become less robust with a decrease in overall similarity of the testing pair to the nearest training pair (as indicated by the decrease in the size of the circles with an increase of the distance between the training pair and the testing pairs).
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Figure C1. Bubble charts depicting the percentage of relational choices after one-pair, two-pair, and three-pair training in Experiment 1 (size discrimination).


[image: ]Figure C2. Bubble charts depicting the percentage of relational choices after one-pair and two-pair training in Experiment 2.
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