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Appendix A. Alternative Approaches for Synergistic Interventions

Equalizing the individual factor while setting the system-level factor to a pre-specified level. The
expected potential outcome is defined as E[Y (a, G p—o,cm)|R = 1,C = c]. This represents the
average potential outcome for individuals with R = 1 and C' = ¢, if the system-level factor is set to
A = a while the distribution of the individual factor was equal to that of R = 0 within the same level of
CM = ¢M This expected potential outcome can also be estimated using a triply-robust estimator. The
estimation procedure is similar to that described in Section 4.2, except that factor A is not simulated from
P(A|R = 0,C4) but is set to a pre-specified level a. Let Vqﬁ}fz\?[X,A:a,c = Eliig x azir.clf X, A=

a, C|. The triply-robust estimator for the potential outcome (E[Y (a, G prjp—o,cm)|R = 1,C = ¢]) is as
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follows:

7EAV[/\A1M + I(A = a) ~ B o AA,M )
—HWy iR X A=a0 TA|R, X,C Py|r,x,4,2,8,0 ~ Yy|R, X, A=a,C

I(A = a)7pr|r=0,0
AR, X,CTM|R,X,A,2,C

ey

(Y - ﬂy|R,X,A,Z,M,C)\R =rC=d.

Setting the individual factor to a pre-specified level while equalizing the system factor. The expected
potential outcome is defined as E[Y (G 4|g=0,c4, M = m)|R = 1,C = c|. This represents the average
potential outcome for individuals with R = 1 and C = ¢, if the distribution of the system-level factor
was equalized across groups while individual-level factor was set to M = m. The estimation procedure

is similar, with factor M set to a pre-specified value m while factor A is simulated from P(A|R = 0, ¢).

Here, DQ}TX ico =Elig x 47 m=mclR X, A, C]. Then, the estimator is as follows:
_ T [AA,T}'L 7TA|R:07C ( ~ 5 _ ZA/A,WL )
IRXACT Ty Pylr.x,A,z,M=m,Cc ~ Vg x icC

(@)

T alr=0,c (M =m)

- ~ (Y — fiy|r,x,4,2,M=m,c)|R=1,C = c].
TAIR,X,CTM|R,X,A,2,C

Setting both individual and system factors to pre-specified values. The expected potential outcome
is defined as E[Y (A = a, M = m)|R = 1,C = ¢|. This represents the average potential outcome for
individuals with R = 1 and C' = ¢, if the system-level factor was set to A = a and the individual-level
factor was set to M = m. We define ﬁfng’A:a’C = Elfir,x, 4,2, M=m,c|R, X, A = a,C]. Then, the

estimator is as follows:

Ara A, I(A=a), . LA,
:E[’/mgx,A:a,C + m(MMR,X,A,ZM:m,C - Vyugfx,A:a,c)
I(A=a)I(M =m .
+ - ( ) ( ) (Y — fiy|r,x,A,2,M=m,c)|R=1,C = (.
TA|R,X,CTM|R,X,A,Z,C

(©)
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Appendix B. Identification Results

The expected potential outcome, E[Y (G 40,04, Gm|r=0,c)| R = 1, C = c], can be expressed as:

—ZE a,m)|R =7,Ggao,ca = a,Gpjo,cm =m,C = c|P(Gypo,ca = alR=1,C = c)

a,m
P(Gjo,cm =m|R=71,Gg0,ca = a,C =)

—ZE a,m)|R =r,C = c]P(Gqjo,ca = a)P(Gpjo,cm =m)

a,m

Z EY(a,m)|R=rX =2,C=¢]P(X =z|R=r,C = c)P(Ggpo,c4 = a)P(Grmjo,cm = m)

xT,a,m

= Z (am)|[R=rX=2,A=0a,C=cP(X=2[R=1,C=c)P(Gyo,cs = a)P(Gpjo,cv =m)

x,a,m

= Z ElY(a,m)[R=r,X=2,A=0a,Z =2,C=c|P(X =2|R=7r,C=c)P(G,o,cs = a)

P(Z=z2R=rX=2,A=0a,C=c)P(Gyjocm =m)

= Y EN(am)R=rX=zA=aZ=2M=mC=dP(X =1|R=r,C=c)P(Gyoca = a)

T,a,z2,m

P(Z=zR=rX=12,A=0a,C=c)P(Gpjocm =m)

Y EYR=rX=zA=aZ=2M=mC=cP(X =x1R=r,C=c)P(A=alR=0,C* =

P(Z=2R=r,X =2,A=0a,C =c)P(M =m|R=0,CM = M)
)

The first, third, and fifth equalities are due to the law of total probability. The second equality is
because Gg9,c4 and G,,jo,cm are random and thus are independent of any observed variables.
The fourth equality is due to Bl (Y (a,m) L A=a|R =r,X = x,C = ¢). The sixth equality is due
to Al Y(a,m) LM =m|R=r,X =x,A=a,Z = z,C = ¢). The seventh equality is due to B3

(consistency) and the definition of G, |9, cm and Gy, 0, ca- This completes the proof.
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Appendix C. Different Estimators
The last expression of equation (4) can be rewritten as:

—Ey [E [E[Y|R, X, A, Z, M,C]P(M|R = 0,C™)|R, X, A,C] P(A|R = 0,C*)|[R = r,C = ¢

E[Y|R,X, A, Z,M,C)|
P(A|R, X, C)

—Ex.4 [E[ P(M|R =0,CM)|R, X, A,C)| P(A|R = 0,C4)

x P(A|IR,X,C)|[R=r,C=c

E[Y|R,X,A,Z,M,C] Ny )
—Ex |E P(M|R = X O1P(AIR — o
X[ [ P(A|IR, X,C) (M|R=0,C")|R,X,C]P(A|[R=0,C*)|R=r,C=c
_ o EYIR X, A Z M, C] o 4 MV
=E| P(AR, X,C) P(A|IR=0,C*"P(M|R=0,CM)|R=r,C =]
P(A‘RZO,CA)P(M‘R:()’CM) v
- B X, A, Z,M
| PR X,0) Panw x.Az.0) B A LM

x P(M|R,X,A,Z,C)|R=r,C = (]
P(A|R=0,C*)P(M|R = o,CM)E[ Y

P(A|R, X, 0) P(M|R,X,A,Z,C)
P(A|IR =0,C4)P(M|R = 0,CM)
P(A|R,X,C)P(M|R,X, A, Z,C)

:E[ \R,X,A,Z,CHR:?“,CZC]

:E[ Y\R:r,C:c}

&)

The first equality is due to the law of iterated expectations. The second equality holds because
P(A|R,X,C) is a function of {R, X, A,C}, so it can be factored into the expectation. The third
equality is due to the law of total probability over A, where P(A|R, X, C) integrates out A. The fourth
equality is due to the law of iterated expectations to marginalize over X . The fifth equality holds because
P(M|R,X, A, Z,C) is a function of {R, X, A, Z,C}, so it can be factored into the expectation. The
sixth equality holds by marginalizing over M. The first equality is the imputation estimator; the fourth
equality is the imputation-then-weighting estimator; the seventh equality is the weighting estimator. This

completes the proof.
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Appendix D. Simulation Results

Table S1. Bias and RMSE by Sample Size, Simulation, and Models

GLM XGBoost XGBoost with Crossfitting

N Sim  Property dimp Swgt Siw Str Simp Swgt Siw Str Simp Swgt Siw Str
1 Bias 0.099 -0.288 0.032 0.254 -0.259  -0326 -0.238  -0.104  -0.131 -0.292 -0.146 0.0118
RMSE 0.259 0.371 0.327 0.263 0.259 0.371 0.327 0.263 0.259 0.371 0.327 0.263
2 Bias 0.086 -0.282 0.026 0.217 -0.273  -0333  -0.265 -0.118  -0.177 -0256 -0.172  -0.0265
500 RMSE 0.273 0.382 0.334 0.316 0.273 0382 0.334 0.316 0.273 0382  0.334 0.316
3 Bias 0.107 -0.282 0.047 0.274 -0.252  -0311  -0.234  -0.086  -0.144 -0.291 -0.152 0.0172
RMSE 0.252 0.365 0.311 0.270 0.252 0.365 0.311 0.270 0252 0.365 0.311 0.270
4 Bias 0.088 -0.285 0.038 0.238 -0.270  -0320 -0.245  -0.121 -0.183  -0.283  -0.174  -0.0193
RMSE 0.270 0.351 0.321 0.265 0.270 0.351 0.321 0.265 0270  0.351 0.321 0.265
1 Bias 0.083 -0.258 0.025 0.218 -0.110  -0.292  -0.127  -0.078  -0.083 -0.292 -0.146  0.0118
RMSE 0.205 0.371 0.327 0.207 0.205 0.371 0.327 0.207 0.205 0.371 0.327 0.207
2 Bias 0.072 -0.243 0.018 0.199 -0.153  -0.292 -0.234  -0.059  -0.183 -0.343 -0.165 -0.0265
1000 RMSE 0.228 0.313 0.314 0.218 0.228 0.313 0.314 0.218 0.228 0.313 0.314 0.218
3 Bias 0.093 -0.265 0.033 0.265 -0.144  -0.271 -0.167  -0.087  -0.144 -0291 -0.152 0.0172
RMSE 0.196 0.317 0.312 0.186 0.196 0.317 0.312 0.186 0.196 0317 0.312 0.186
4 Bias 0.088 -0.255 0.028 0.221 -0.166  -0.283  -0.177  -0.095 -0.183 -0.283 -0.174 -0.0193
RMSE 0.263 0.325 0.320 0.217 0.263 0.325 0.320 0.217 0.263 0.325 0.320 0.217
1 Bias -0.00636  -0.114  -0.00996  -0.0215  -0.0831 -0.223 -0.167 -0.0789 -0.131 -0.292 -0.146 0.0118
RMSE 0.0304 0.153 0.0701 0.0755 0.0838 0.223 0.167 0.0803 0.131 0.325 0.149 0.170
2 Bias -0.185 -0.0429 -0.175 -0.0271 -0.131 -0.227  -0.201 -0.118 -0.177  -0.256  -0.172  -0.0265
2000 RMSE 0.185 0.115 0.175 0.0875 0.131 0.227 0.201 0.118 0.177 0.313 0.172 0.176
3 Bias -0.0925 -0.183  -0.00639  -0.00789  -0.0971 -0.220 -0.165 -0.0863 -0.144 -0291 -0.152  0.0172
RMSE 0.0925 0.185 0.0456 0.0615 0.0972 0220  0.165 0.0873 0.144 0323 0.157 0.164
4 Bias -0.184 -0.114 -0.0827 -0.260 -0.133  -0.222  -0.149 -0.0193 -0.183 -0.283 -0.174 -0.0193
RMSE 0.185 0.125 0.112 0.260 0.153 0222 0.172 0.190 0.183 0.328 0.174 0.172

Note. True Value: 0.385, N:Sample Size, Sim 1: the Imputation estimator is correctly specified, Sim 2: the weighting estimator is
correctly specified, Sim 3: the imputation-then-weighting estimator is correctly specified, Sim 4: all are incorrectly specified.
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Appendix E. Details of Case Study

We provide detailed steps for estimating disparity reduction for Black students compared to White
students using the four estimators introduced in Section 4.2. The estimates were obtained from the

original data. We begin by outlining the procedure using a GLM.

1. Estimate the average math score among Black students within the same levels of gender and native
language (E[Y|R = 1,C = ¢, where R = 1 indicates Black students). To do this, we fit a linear
model regressing math score on gender and native language among Black students. The average
math score within this subgroup can be obtained from the intercept of the fitted linear model. In
our case study, E[Y|R = 1,C = ¢] = 0.190.

2. Estimate the potential math score among Blacks if their access to high-performing schools and
Algebra I instruction by 9th grade were equalized, using the Pure Imputation Estimator. Following
the procedure described in Section 4.2, we obtain E[Dle’X’A’dR =1,C =¢ =0.278.

3. Estimate the potential math score among Blacks if their access to high-performing schools and

Algebra I instruction by 9th grade were equalized, using the Weighting Estimator. Following the

procedure described in Section 4.2, we obtain E[:ﬁ:ﬁj)g:;\;\i:ziﬂé Y|IR=1,C =] =0.281.

4. Calculate the potential math score among Blacks if their access to high-performing schools and

Algebra I instruction by 9th grade were equalized, using the Imputation-then-Weighting estimator.

Following the procedure described in Section 4.2, we obtain E[m;‘;?ﬂyl rx.AzirclR=
1,C =] =0.271.

5. Combining three estimators, we calculate the potential math score using a triply-robust estimator

: : EI AT 5 ﬁ’A\R:O,CA ~ _ ~ ~ ~
as shown in equation (6). We obtain [0, 1 + m(“le,X,A,Z,M,C — Vyir,x,AC)

ﬁ’A\R:U,CAﬁIVI\R:O,CJW A _ _ _
+ ’ﬁ'A\R,X,Cﬁ'Mm,X,A,Z,C (Y ﬂy\R,X,A,Z,JVI,C)'R = ].7 C = C] = 0286

6. Calculate disparity reduction as the difference between the average math score among
Black students (E[Y|R=r,C =¢]) and the potential math score among Black stu-
dents (E[Y(Galo’cA,Gm‘oycl\l)‘R =r,C = c| using aforementioned estimators. We obtained

6imp (1) = —0.134 using the imputation estimator; 6’9" (1) = 0.026 using the weighting estimator;
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51w (1) = —0.263 using the imputation-then-weighting estimator; and 67" (1) = —0.096 using the
triply-robust estimator.

7. Standard errors were computed based on 500 clustered bootstraps based on school ID.

The same steps apply when using XGBoost without cross-fitting. The only difference is that the models
must be trained using XGBoost. For model training, we used default settings for max depth (6)
and nrounds (100). To prevent overfitting, we set early stopping rounds=10. The resulting
estimates are: 6 (1) = —0.089 using the imputation estimator; 6*9¢(1) = —0.160 using the weighting
estimator; 67 (1) = —0.105 using the imputation-then-weighting estimator; and §%" (1) = —0.185 using
the triply-robust estimator.

For XGBoost with cross-fitting, we trained models using different data than those used for prediction
to avoid overfitting. Specifically, the data were splitinto K = 5 folds (I1, Io, I3, 14, and I5). For each fold
k € K, models were trained using the data excluding that fold (I_j) and predictions were obtained from
the withheld data (/). The procedure were repeated for K=5 folds, and disparity reduction was estimated
based on the full sample. The resulting estimates are: 5?’”’ (1) = —0.134 using the imputation estimator;
6w9t(1) = 0.026 using the weighting estimator; 6% (1) = —0.264 using the imputation-then-weighting

estimator; and 6%"(1) = —0.191 using the triply-robust estimator.
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