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1 Supplementary materials to the presentation on autoregressive systems36

1.1 Behavior of autoregressive systems with and without outliers37

Figure 1 in the manuscript Improved estimation of autoregressive models through contextual38

impulses and robust modeling demonstrates the behavior of a first-order autoregressive (AR(1))39

system in the absence and presence of outliers. Animated variants of the figure’s panels were included40

in the most recent presentation on the project given at the International Meeting of the Psychometric41

Society 2022 in Bologna, Italy. The slides are available via the Open Science Framework (link).42

1.2 Robust state space modeling43

1.2.1 Robust maximum likelihood estimation44

Classical maximum likelihood estimation. State space modeling (SSM) relies on the45

prediction error decomposition-form of the log-likelihood function (Harvey, 1989, p. 126, Eq. 3.4.6).46

For the sample y1, y2, ..., yt, ..., yT the prediction error decomposition log-likelihood is calculated as:47

ℓ (θ; y1, y2, ..., yt, ..., yT ) = −1
2

(
p T log(2π) +

T∑
t=1

(
log(|Ft|) + vt

′ F−1
t vt

))
, (1)

where θ is the vector of model parameters, p is the number of observed variables, vt ; t =48

1, 2, ..., T are p× 1 Kalman filter (KF)-generated prediction errors and Ft ; t = 1, 2, ..., T their p× p49

covariance matrices.50

Crevits and Croux (2019) present a variant, −ℓ∗, that is the negative log-likelihood divided51

by T minus the constant term − p log(2π)
2 :52

−ℓ∗ (θ; y1, y2, ..., yt, ..., yT ) = 1
2T

(
T∑

t=1

(
log(|Ft|) + vt

′ F−1
t vt

))
. (2)

Robust maximum likelihood estimation. Based on −ℓ∗, Crevits & Croux present their53

maximum trimmed likelihood (MTL) estimator, which trims off the α-fraction of data points that54

are the least likely under the model. To this end, the Mahalanobis distances between the data and55

the KF-generated, model-implied predictions are calculated for each data point as:56

dt (θ) = vt
′ F−1

t vt. (3)

Then the subset D of time points is determined that correspond to the (1 − α) fraction (or57

(1 − α) ∗ 100 %) of data points with the lowest distances. Only these data points are considered in58

the trimmed negative log-likelihood function:59

−ℓ∗
trim (θ; yt ∈D) = 1

2T (1 − α)

(∑
t∈D

(
log(|Ft|) + ctrim

(
vt

′ F−1
t vt

)))
. (4)

The constant ctrim is introduced to make “the expected value of the trimmed log-likelihood60

equal to that of the untrimmed log-likelihood at the true model parameter” (Crevits & Croux, 2019,61

https://osf.io/fxwqg
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p. 1697). It is calculated as:62

ctrim = 1
Fχ2

p+2
(F−1

χ2
p

(1 − α))
, (5)

where Fχ2
p+2

(·) is the χ2 distribution function with df = p+ 2, and F−1
χ2

p
(·) is the χ2 quantile63

function with df = p. If α = 0, then all observations are used for estimation and ctrim = 1, so the64

log-likelihood function simplifies to the classical one, −ℓ∗.65

1.2.2 Robust Kalman filter66

Classical Kalman filter. In SSM the (classical) KF serves parameter estimation as it67

generates input for the prediction error decomposition log-likelihood function: the prediction errors68

vt ; t = 1, 2, ..., T and their covariance matrices Ft ; t = 1, 2, ..., T (see previous section). These69

quantities are calculated when the KF is used with its original purpose, estimating the states of a70

latent process from noisy observations over time. To this end the familiar dynamic system equations71

are used:72

ηt
q×1

= α
q×1

+ B
q×q

ηt−1 + ζt
q×1

(transition equation) (6)

yt
p×1

= τ
p×1

+ Λ
p×q

ηt + εt
p×1

(observation equation) (7)

with73

ζt
iid∼ N(0,Ψ) and εt

iid∼ N(0,Θ) for t ∈ T

In ‘traditional’ KF applications, the parameters that determine the dynamics of the latent and74

observed processes are assumed to be known. If the KF is used for parameter estimation (current)75

parameter estimates are used to in turn estimate the latent process states (and subsequently calculate76

the likelihood given the parameter values).77

To arrive at latent process state estimates, the classical KF takes two steps, a prediction78

step and an updating step. To understand the prediction step, let’s assume we have an estimate of79

the latent process state at time t− 1, ηt−1, which is denoted as η̂t−1|t−1. The associated estimation80

error is et−1|t−1 := ηt−1 − η̂t−1|t−1 with covariance matrix Pt−1|t−1.81

Based on this, the KF predicts a process state for time t, η̂t|t−1
1, using the above transition82

equation:83

η̂t|t−1 = α+B η̂t−1|t−1 (state prediction) (8)

The covariance matrix of the estimation error et|t−1 := ηt − η̂t|t−1, Pt|t−1
2, is84

Pt|t−1 = B Pt−1|t−1 B
t + Ψ (error cov.mat. prediction) (9)

The KF can now predict the observation at time t via the observation equation and, given85

the observation yt, calculate the prediction error vt:86

ŷt|t−1 = τ + Λ η̂t|t−1 (observation prediction) (10)
vt = yt − ŷt|t−1 (prediction error) (11)

1If (and only if) there is no measurement error, this will be the conditional expectation of the process, so the
expected value of the process given the (true) process state at t − 1 (go to the description of the updating step to see
why). This holds for all t > 1 independent of how the KF was initialized (see the description of the initialization).

2If (and only if) there is no measurement error, this will be the conditional covariance matrix of the process, so the
covariance matrix given the (true!) process state at t − 1, P si (go to the description of the updating step to see why).
This holds for all t > 1 independent of how the KF was initialized (see the description of the initialization).
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The prediction error vt has covariance matrix87

Ft = ΛPt|t−1 Λt + Θ (cov.mat. prediction error) (12)

which can be derived by re-writing vt as vt = Λ et|t−1 + εt.88

Now follows the updating step during which the KF corrects the state estimate generated89

during the prediction step by taking the prediction error at time t into account. The updated state90

estimate η̂t|t
3 is91

η̂t|t = η̂t|t−1 +Kt vt (state update) (13)

with Kalman gain matrix Kt92

Kt = Pt|t−1 Λt F−1
t (Kalman gain mat.) (14)

The covariance matrix of the estimation error et|t := ηt − η̂t|t, Pt|t
4, is93

Pt|t = Pt|t−1 −K ΛPt|t−1 (error cov.mat. update) (15)

The updating depends on the amount of measurement error variance the KF expects: A94

larger measurement error variance means that less weight is given to the prediction errors and thus95

actual observations. The observations are thus treated as less trustworthy and the KF relies more96

on its own predictions. In turn, if the measurement error variance is expected to be small, more97

weight os given to the actual observations relative to predicted states. If no measurement error effects98

are expected, the KF always updates state estimates to the observed states (i.e., the data are fully99

trusted).100

Before the KF can take it’s first prediction step, it needs to be initialized. That is, to101

generate a state prediction for time t = 1, the KF needs starting values, which are values for η̂0|0102

and P0|0. If these are set to the true, unconditional moments of the latent process, then the state103

prediction for t = 1 will be the unconditional mean and the covariance matrix of the estimation104

error will be the unconditional covariance matrix of the process. This might matter for parameter105

estimation, where the KF starting values might be constrained to the unconditional process moments106

as a function of the model parameters. Another strategy is to use the observed moments of the107

process for initialization.108

Robust Kalman filter. So far we were concerned with the classical KF, now we turn109

to the robustified KF as presented in Crevits and Croux (2019). In a nutshell, the robustification110

adapts the measurement error-related updating step of the KF: The impact of unexpectedly extreme111

observations - which come with large prediction errors - is damped overproportionally. This directly112

affects the estimation of process states, but also parameter estimation since both processes are113

inseparably intertwined. A robustification parameter denoted k, which determines the additional114

damping, is to be set a priori to applying the robust KF.115

In terms of equations, the robust KF relies on the above, except for an adapted covariance116

matrix of the prediction error, which looks like this:117

F r
t = ΛPt|t−1 Λt + Θ 1

2 W−1
t Θ 1

2 (cov.mat. prediction error, robustified) (16)

3If (and only if) there is no measurement error (i.e., Θ = 0), then K = Λ−1, and the state update becomes Λ (yt − τ)
and η̂t|t−1 no longer plays a role (can be seen by substituting the original expression for the prediction error).

4If (and only if) there is no measurement error then Pt|t = 0 for all t > 1, and Pt+1|t = Ψ.
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Since Θ is a diagonal matrix with measurement error variances {θ11, ..., θpp} on the diagonal, Θ 1
2 is a118

diagonal matrix with entries {
√
θ11, ...,

√
θpp}. Wt is a diagonal matrix of weights {w1t, ..., wit, ..., wpt},119

which are calculated as120

wit =
ψH(sit − bitη̂t|t−1)
sit − bitη̂t|t−1

(17)

with121

st
p×1

= Θ− 1
2 yt

bt
p×q

= Θ− 1
2 Λ.

Here, Θ− 1
2 is again a diagonal matrix, this time with entries {1/

√
θ11, ..., 1/

√
θpp}, sit is the i-th122

element of vector st and bit is the i-th row of matrix bt. The function ψH(x) is the Huber ψ-function123

that assigns function values to a vector x in an element-wise fashion such that124

ψH(x) = (ψH(x1), ..., ψH(xi), ..., ψH(xn))t

ψH(xi) =
{
xi if |xi|< k

sgn(xi) k otherwise

The function sgn(xi) gives the sign of xi (i.e., sgn(−4) = −1, sgn(125) = 1), and k is a threshold,125

which values larger in absolute value are set to. If k is set to some large value so that no values xi126

are changed by the Huber ψ-function, then all weights will be 1, Wt will be an identity matrix, and127

F r
t = Ft.128

Note that Crevits and Croux (2019) assume α = 0 and τ = 0. The weight matrix Wt should129

look different if τ ̸= 0, but not if α ̸= 0 (the latter is already part of the predicted state). In his R130

function cipraR, Crevits includes a measurement intercept (i.e., a mean), which he substracts from131

the data before filtering, and adds back in afterwards.132

The above weights are a function of the prediction error. For a univariate model, this can be133

seen directly, since134

st − btη̂t|t−1 = yt√
θ

−
λ η̂t|t−1√

θ
=
yt − λ η̂t|t−1√

θ
= vt√

θ
. (18)

So, what gets possibly changed by the Huber ψ-function is the prediction error relative to / scaled135

by the standard derivation of the measurement error. The more this term gets changed by the Huber136

ψ-function, the larger the discrepancy between the numerator and denominator of the weight wt,137

and the smaller the weight than one (numerator is smaller than or equal to the denominator). If138

the weight, which appears in the denominator in Equation 16, gets smaller than one, then that139

effectively means that the measurement error variance gets multiplied by a factor larger than one140

(the reciprocal of the weight). Hence, the current (outlying) observation has less impact in updating141

the state estimate. The analogue holds for multivariate processes.142

Comparing the classical and robust Kalman filter. The following figure contrasts143

the behavior of the classical and the robust KF visually.144
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Figure 1

The classical and robust Kalman filter applied to the same time series.

1.2.3 Robust SSM implementation in R145

For robust SSM on basis of the MTL estimator, we make use of the OpenMx option that146

allows users to define their own fit functions in R (see documentation for OpenMx::mxFitFunctionR147

here). Alternatively, the base R function optim can also be used for parameter estimation (see148

https://www.rdocumentation.org/packages/OpenMx/versions/2.20.6/topics/mxFitFunctionR
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documentation for simARO::buildRobSSM ). Both fit functions use the (classical) KF and the trimmed149

likelihood function as implemented in the simARO package, simARO::KF, and simARO::getMinLL.150

For the classical case (i.e., α = 0, k = ∞), we can numerically check these simARO-functions151

by comparing their results to results obtained via OpemMx ’s SSM functionality. As can be seen, the152

KF and log-likelihood results are exactly the same given the same data and model parameter values:153

# simulate some data
set.seed(123)
y <- data.frame(y = rnorm(100, 5, 1))

# 'fit' (with fixed parameter values) an AR(1) model with measurement error
# using SSM in OpenMx
AR1model <- OpenMx::mxModel(

name = "AR1model",
mxData(observed = cbind(y = y, constant = 1), type = 'raw'),
manifestVars = 'y',
mxMatrix('Full', nrow = 1, ncol = 1, values = .2, free = FALSE, labels = "b11", name = 'B'),
mxMatrix('Full', nrow = 1, ncol = 1, values = 4, free = FALSE, labels = "a1", name = 'a'),
mxMatrix('Full', nrow = 1, ncol = 1, values = 1, free = FALSE, labels = "p11", name = 'P'),
mxMatrix('Full', nrow = 1, ncol = 1, values = 0.1, free = FALSE, labels = "th11", name = 'Th'),
mxMatrix("Full", nrow = 1, ncol = 1, free = FALSE, labels = "data.constant", name = "u"),
mxMatrix('Iden', nrow = 1, ncol = 1, name = 'L', dimnames = list('y',paste0('lat','y'))),
mxMatrix("Zero", nrow = 1, ncol = 1, name = "ta"),
mxMatrix("Full", nrow = 1, ncol = 1, values = 5, free = FALSE, name = "x0"),
mxMatrix("Full", nrow = 1, ncol = 1, values = 1, free = FALSE, name = "P0"),
mxExpectationStateSpace(x0="x0", P0="P0", u="u", A="B", B="a", Q="P", C="L", D="ta", R="Th"),
mxFitFunctionML()

)
fitAR1model <- OpenMx::mxRun(AR1model)

# get the min2ll value
min2ll_omx <- fitAR1model$output$Minus2LogLikelihood

# re-calculate the Kalman filter results for this model
resKF_omx <- OpenMx::mxKalmanScores(AR1model)

# calculate the Kalman filter results via simARO
KF_args <- list(

Y = y,
x0 = AR1model$x0$values,
P0 = AR1model$P0$values,
a = AR1model$a$values,
B = AR1model$B$values,
P = AR1model$P$values,
Th = AR1model$Th$values

)
resKF_simaro <- do.call(eval(parse(text = "simARO::KF")), KF_args)
resKFrob_simaro <- do.call(eval(parse(text = "simARO::KF")), append(KF_args, list(rob = TRUE, k = Inf)))

# also calculate the min2ll value using simARO
min2ll_simaro <- simARO::getMinLL(

nt = nrow(y),
v = unlist(resKF_simaro$v),
matF = c(unlist(resKF_simaro$matF))
)

# compare the min2ll values
min2ll_omx

## [1] 272.0457154

min2ll_simaro

## [1] 272.0457155
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# compare the Kalman filter predictions and updates
rbind(resKF_omx$xPredicted |> c(), resKF_simaro$x.pre |> unlist(),

resKFrob_simaro$x.pre |> unlist())[, sample(1:100, 5)]

## t=29 t=93 t=88 t=15 t=87156

## [1,] 5.030555 5.103084 5.200572 5.021475 5.059655157

## [2,] 5.030555 5.103084 5.200572 5.021475 5.059655158

## [3,] 5.030555 5.103084 5.200572 5.021475 5.059655159

rbind(resKF_omx$PPredicted |> c(), resKF_simaro$P.pre |> unlist(),
resKFrob_simaro$P.pre |> unlist())[, sample(1:100, 5)]

## t=53 t=74 t=47 t=19 t=66160

## [1,] 1.003638 1.003638 1.003638 1.003638 1.003638161

## [2,] 1.003638 1.003638 1.003638 1.003638 1.003638162

## [3,] 1.003638 1.003638 1.003638 1.003638 1.003638163

rbind(resKF_omx$xUpdated |> c(), resKF_simaro$x.upd |> unlist(),
resKFrob_simaro$x.upd |> unlist())[, sample(1:100, 5)]

## t=92 t=35 t=51 t=21 t=48164

## [1,] 5.515421 5.761875 5.229222 4.021339 4.56866165

## [2,] 5.515421 5.761875 5.229222 4.021339 4.56866166

## [3,] 5.515421 5.761875 5.229222 4.021339 4.56866167

rbind(resKF_omx$PUpdated |> c(), resKF_simaro$P.upd |> unlist(),
resKFrob_simaro$P.upd |> unlist())[, sample(1:100, 5)]

## t=41 t=58 t=83 t=10 t=54168

## [1,] 0.09093905 0.09093905 0.09093905 0.09093905 0.09093905169

## [2,] 0.09093905 0.09093905 0.09093905 0.09093905 0.09093905170

## [3,] 0.09093905 0.09093905 0.09093905 0.09093905 0.09093905171

Also, if the classical AR(1) model is freely estimated, we get highly similar results (parameter172

point estimates, standard error estimates and model fit):173

# fit model using SSM in OpenMx (with freely estimated parameters)
AR1model_omx <- OpenMx::omxSetParameters(AR1model, labels = c("b11", "a1", "p11"), free = TRUE)
fitAR1model_omx <- OpenMx::mxRun(AR1model_omx)
summary(fitAR1model_omx)

## Summary of AR1model174

##175

## free parameters:176

## name matrix row col Estimate Std.Error A177

## 1 b11 B 1 1 -0.02756296 0.1124396178

## 2 a1 a 1 1 5.23094109 0.5805104179

## 3 p11 P 1 1 0.72435741 0.1165901180

##181

## Model Statistics:182

## | Parameters | Degrees of Freedom | Fit (-2lnL units)183

## Model: 3 97 264.4784184

## Saturated: 2 98 NA185

## Independence: 2 98 NA186

## Number of observations/statistics: 100/100187

##188

## Information Criteria:189

## | df Penalty | Parameters Penalty | Sample-Size Adjusted190

## AIC: 70.4784 270.4784 270.7284191

## BIC: -182.2231 278.2939 268.8192192

## CFI: NA193

## TLI: 1 (also known as NNFI)194

## RMSEA: 0 [95% CI (NA, NA)]195

## Prob(RMSEA <= 0.05): NA196
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## To get additional fit indices, see help(mxRefModels)197

## timestamp: 2024-12-13 22:42:28198

## Wall clock time: 0.07050085 secs199

## optimizer: SLSQP200

## OpenMx version number: 2.21.1201

## Need help? See help(mxSummary)202

# fit model using simARO functionality
AR1model_simaro <- buildRobSSM(

data = y,
Yname = 'y',
ne = 1,
ny = 1,
B.init = AR1model_omx$B$values,
a.init = AR1model_omx$a$values,
P.init = AR1model_omx$P$values,
Th.init = AR1model_omx$Th$values,
Th.est = AR1model_omx$Th$free,
x0 = AR1model_omx$x0$values,
P0 = AR1model_omx$P0$values,
k = Inf,
trim.useOrgLL = FALSE
)

fitAR1model_simaro <- OpenMx::mxRun(AR1model_simaro)
summary(fitAR1model_simaro)

## Summary of untitled1203

##204

## free parameters:205

## name matrix row col Estimate Std.Error A lbound ubound206

## 1 b11 B 1 1 -0.02756299 0.1124414207

## 2 a1 a 1 1 5.23094162 0.5805193208

## 3 p11 P 1 1 0.72435773 0.1165902 0.00001 100000209

##210

## Model Statistics:211

## | Parameters | Degrees of Freedom | Fit (-2lnL units)212

## Model: 3 -3 264.4784213

## Saturated: NA NA NA214

## Independence: NA NA NA215

## Number of observations/statistics: 100/0216

##217

## Information Criteria:218

## | df Penalty | Parameters Penalty | Sample-Size Adjusted219

## AIC: 270.4784 270.4784 270.7284220

## BIC: 278.2939 278.2939 268.8192221

## CFI: NA222

## TLI: 1 (also known as NNFI)223

## RMSEA: 0 [95% CI (NA, NA)]224

## Prob(RMSEA <= 0.05): NA225

## To get additional fit indices, see help(mxRefModels)226

## timestamp: 2024-12-13 22:42:33227

## Wall clock time: 4.903164 secs228

## optimizer: SLSQP229

## OpenMx version number: 2.21.1230

## Need help? See help(mxSummary)231

For the robust case, we have numerically checked our implementation using the author’s232

original code.233
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2 Supplementary materials to the simulation study234

Here we provide additional information on the simulation study. This concerns descriptions235

of those simulation settings that were only briefly listed in the manuscript, but also more details on236

some of the already described settings. We also present additional results, some of which are referred237

to in the manuscript.238

2.1 Design239

2.1.1 Data generation240

Sample sizes. Next to a sample size of T = 80, we also included sample sizes of T = 160241

and T = 800 to check the generalizability of results to larger samples.242

Mixed outliers. In addition to having either innovation or measurement outliers, we also243

included mixed innovation and measurement outliers. To generate those, the two outlier indicator244

variables were designed to both take effect within a replication. The marginal probabilities to245

generate the outlier indicator variables were of the same value as in the case of single-type outliers246

(i.e., {0.1, 0.2, 0.3}), but here they concern the probabilities of at least one of the two indicators being247

one. The overlap of the two outlier indicators was always set to 0.5.248

As an example, consider a marginal probability of 0.2: If T = 160 then we have exactly 32249

contaminated occasions, of which 8 are contaminated with only measurement outliers, 8 with only250

innovation outliers, and 16 are contaminated with both simultaneously.251

Temporally dependent outlier-indicators. For the conditions involving single outlier252

types we, next to randomly occurring ones, include outliers that occur with medium and high253

temporal dependence. To generate outlier-indicator variables with different degrees of temporal254

dependence, we vary the conditional probability of x·t
being one given that x·t−1=1 denoted as255

Px·t =1|x·t−1 =1. Whereas this equals the marginal probability of x·t = 1 for randomly occurring256

outliers, hence Px·t =1|x·t−1 =1 = Px·t =1, we set Px·t =1|x·t−1 =1 = {Px·t =1 + 0.2, Px·t =1 + 0.4} to obtain257

outlier-indicator series with medium and high temporal dependence (Bodner, Tuerlinckx, Bosmans,258

& Ceulemans, 2021).259

Since we use a markov chain and hence a stochastic process to generate these temporally260

dependent outlier indicator data, we do not have control over the marginal or the conditional261

probabilities being exact for any given finite time series generated. For the marginal probabilities,262

we restored exact probabilities by over-generating outlier-indicator series and retaining only those263

with the correct marginal frequencies. This selection procedure should however not have systematic264

influences on the conditional probabilities, for which we found no way to implement them in an265

exact manner. This means that the actual temporal dependencies vary randomly across simulation266

replications and averages per design cell show random deviations from the nominal values (i.e.,267

sampling error). Simulation results will reflect this additional variation.268

No outliers at the first occasion. Under all settings, we prevented that outliers could269

occur at the first time point. The reason for this is that the first observation is handled differently270

during model fitting, as described in the following section.271

2.1.2 Models fitted272

Parameter starting values. All models implemented in OpenMx (i.e., the true, classical,273

cML and MTL AR(1) models) are estimated in an iterative fashion via one of the package’s numerical274

optimizers (i.e., we pick SLSQP). A numerical optimization procedure requires setting starting values275

for the model parameters. Per simulated data set, we draw these randomly from uniform distributions276

such that the starting values for all common parameters are the same across all OpenMx models. To277

obtain good starting values, we set the uniform distribution bounds so that a range of admissible and278

plausible values are spanned per parameter. In addition we make use of OpenMx ’s own functionality279
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to converge on good parameter starting values implemented in the function mxTryHard. Under280

the MM AR(1) model parameter starting values are obtained internally via initial robust estimates281

(Maechler et al., 2021). These are thus not the same as for the OpenMx models.282

Handling of initial observations. For the SSM and thus again OpenMx models the283

first observation is included during estimation and handled conditional on the initial values that284

one needs to provide for the KF (e.g., Chow, Ho, Hamaker, & Dolan, 2010; Hardt, Hecht, Oud, &285

Voelkle, 2019; Hunter, 2018). Here we set these initial values, the state estimate for t = 0 and the286

associated prediction error variance, to the observed mean of each simulated data set and a value of287

10, respectively, yielding a rather uninformative initialization (Chow et al., 2010). The MM AR(1)288

model on the contrary cannot handle missing predictor values (i.e., yt−1|t = 1) and thus (per default)289

automatically discards the first row of the data. These differences in how initial observations are290

handled might have slight effects on the results under smaller sample size settinge and hence possibly291

the T = 80 condition. But at the same time such differences also just reflect how the models would292

be applied to actual data.293

Implementation of robust SSM. The implementation of robust SSM in R is described294

in the previous section 1.2.3.295

2.1.3 Assessing model performance296

Mean-squared prediction error. Next to estimation accuracy in terms of the mean297

squared estimation error (MSE) of the AR effect, we also assess predictive accuracy of models298

with respect to unseen data (Yarkoni & Westfall, 2017). So, for each simulation replication and299

design cell we actually generate two independent data sets, one to which the model is fitted and one300

that we calculate the predictive accuracy of the fitted model for. For the generation of the latter301

prediction data we use the same baseline population models and according parameter values as for302

the estimation data, and generate a time series of corresponding length. Using the baseline models303

for data generation means that outliers are absent from the prediction data under all conditions.304

We measure predictive accuracy using the mean squared prediction error (MSPE) as observed305

across simulation replications. The observed MSPE of any AR(1) model can readily be calculated306

via the Kalman filter (KF). To this end, the KF is set up based on the estimated parameter values307

ω̂•obs, i
= {α̂•obs, i

, β̂•obs, i
, ψ̂•obs, i

, θ̂•obs, i
}, where the bullet is a place-holder for the different possible308

estimators (e.g., ML, MTL, MM), and applied to the prediction data. As detailed in the manuscript,309

the KF then generates model-based predictions ỹt| ω̂•obs, i
for each time point, which can simply be310

squared and summed to yield the observed MSPE:311

MSPE
(
ω̂•obs, i

)
obs, i

= 1
T

T∑
t=1

(
yt − ỹt| ω̂•obs, i

)2
.

Since the KF is already used during model estimation and we have an R implementation at312

hand, it is straightforward to also use it for prediction. To initialize the KF we use the observed313

means of each simulated data set and a prediction error variance of 10, as we did for model fitting.314

The above MSPE is calculated for each simulation replication and the mean of the individual315

MSPEs across all N replications is eventually used as the performance criterion. To quantify the316

error in our simulation due to ‘sampling’ random replications we bootstrap the sampling distribution317

of the mean observed MSPE with 500 bootstrap replicates. We report the 16th and 84th percentiles318

of the sampling distribution as two thirds of the bootstrapped MSPEs lie between those.319

Outlier handling. As a third performance criterion, we inspect how the different methods320

handle outliers. That is, every simulated data point can be categorized as either being a vertical321

outlier, or a bad leverage point, or a vertical outlier and a bad leverage point, or being of another322

type (e.g., uncontaminated observation or a good leverage point). Per category we count the number323
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of data points excluded by each robust model during estimation relative to the overall number of data324

points (i.e., relative to the time series length T ). These relative frequencies can then be compared325

across methods to explore sources of possible estimation (and subsequently prediction) error.326

Doing the required calculations is straightforward for the cML and MTL estimators, since327

these actually exclude data points during estimation (i.e., they rely on discrete weighting functions).328

For the MM estimator, we treat data points as ‘excluded’ if they get an estimation weight smaller329

than 0.1. We expect that this rather liberal threshold allows us to get a better idea of how different330

data point types are handled by the MM estimator. But one should keep in mind that the displayed331

data points are still included during estimation, with weights ranging from 0 to 0.1.332

Note that one could in principle extend the investigation of outlier handling by creating333

different categories involving good leverage points. We did not do this for now as good leverage334

points are harder to define than vertical outliers or bad leverage points. The reason for this is that335

their leveraging impact depends gradually on the population-level AR effect size and on the time336

passed since a vertical outlier happened.337

2.2 Results338

2.2.1 Non-converged modeling solutions339

The figures in this section display the number of non-converged modeling solutions across340

all simulation conditions. Figure 2 thereby pertains to modeling solutions excluding measurement341

error, data with no measurement error and short time series (T = 80), Figure 3 to modeling solutions342

excluding measurement error, data with measurement error and short time series, Figure 4 to modeling343

solutions including measurement error, data with no measurement error and short time series, Figure344

5 to modeling solutions including measurement error, data with measurement error and short time345

series, Figure 6 to modeling solutions excluding measurement error, data with no measurement error346

and medium-length time series (T = 160), Figure 7 to modeling solutions excluding measurement347

error, data with measurement error and medium-length time series, Figure 8 to modeling solutions348

including measurement error, data with no measurement error and medium-length time series,349

Figure 9 to modeling solutions including measurement error, data with measurement error and350

medium-length time series, Figure 10 to modeling solutions excluding measurement error, data with351

no measurement error and long time series (T = 800), Figure 11 to modeling solutions excluding352

measurement error, data with measurement error and long time series, Figure 12 to modeling solutions353

including measurement error, data with no measurement error and long time series, and Figure 13 to354

modeling solutions including measurement error, data with measurement error and long time series.355

In all figures the number of non-converged modeling solutions (y-axis) is shown as a function356

of the modeling approach used (x-axis; labels including the term “noise” refer to modeling approaches357

accounting for measurement error). Per figure outlier types are distinguished by panel. Within358

each panel outlier proportions are distinguished by rows and population-level AR effect sizes by359

columns. Bars are colored based on the estimation method, and combined with lines of different type360

to indicate whether outliers occurred randomly, with medium or high temporal dependence.361

Across all design cells the mean number of non-converged solutions is 2.21, the median is 0,362

and the maximum is 25. As noted in the manuscript, an accumulation of cases seems to happen363

where MTL estimation is used with too small or too large trimming proportions. Also the temporal364

dependence with which outliers occur seems to matter. As noted in the manuscript, an accumulation365

of cases seems to happen where MTL estimation is used with too small or too large trimming366

proportions. Also the temporal dependence with which outliers occur seems to matter.367
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Figure 2

Number of non-converging modeling solutions excluding measurement error for data with no measurement error and short
time series (T = 80).
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B: Measurement outliers
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Figure 3

Number of non-converging modeling solutions excluding measurement error for data with little measurement error and
short time series (T = 80).
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Figure 4

Number of non-converging modeling solutions including measurement error for data with no measurement error and short
time series (T = 80).
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A: Innovation outliers
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B: Measurement outliers
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Figure 5

Number of non-converging modeling solutions including measurement error for data with little measurement error and
short time series (T = 80).
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Figure 6

Number of non-converging modeling solutions excluding measurement error for data with no measurement error and
medium-length time series (T = 160).
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A: Innovation outliers
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B: Measurement outliers
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C: Mixed outliers

Outlier occurence Random Medium dependency High dependency

Figure 7

Number of non-converging modeling solutions excluding measurement error for data with little measurement error and
medium-length time series (T = 160).
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Figure 8

Number of non-converging modeling solutions including measurement error for data with no measurement error and
medium-length time series (T = 160).
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A: Innovation outliers
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B: Measurement outliers
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C: Mixed outliers
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Figure 9

Number of non-converging modeling solutions including measurement error for data with little measurement error and
medium-length time series (T = 160).
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Figure 10

Number of non-converging modeling solutions excluding measurement error for data with no measurement error and long
time series (T = 800).
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A: Innovation outliers
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B: Measurement outliers
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C: Mixed outliers
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Figure 11

Number of non-converging modeling solutions excluding measurement error for data with little measurement error and
long time series (T = 800).
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Innovation outliers

Outlier occurence Random Medium dependency High dependency

Figure 12

Number of non-converging modeling solutions including measurement error for data with no measurement error and long
time series (T = 800).
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A: Innovation outliers



IMPROVED ESTIMATION OF AR MODELS 25

AR effect small AR effect medium−sized AR effect large

0 %
 outliers

10 %
 outliers

20 %
 outliers

30 %
 outliers

M
L.

tr
ue

_n
oi

se

M
L.

na
iv

e_
no

is
e

cM
L.

s3
_n

oi
se

cM
L.

s1
.9

6_
no

is
e

cM
L.

s1
.6

4_
no

is
e

cM
L.

s1
.4

4_
no

is
e

cM
L.

s1
.2

8_
no

is
e

cM
L.

s1
.1

5_
no

is
e

cM
L.

s1
.0

4_
no

is
e

cM
L.

s0
.9

3_
no

is
e

M
T

L.
a0

5_
no

is
e

M
T

L.
a1

0_
no

is
e

M
T

L.
a1

5_
no

is
e

M
T

L.
a2

0_
no

is
e

M
T

L.
a2

5_
no

is
e

M
T

L.
a3

0_
no

is
e

M
T

L.
a3

5_
no

is
e

M
T

L.
tu

ne
d_

no
is

e

M
L.

tr
ue

_n
oi

se

M
L.

na
iv

e_
no

is
e

cM
L.

s3
_n

oi
se

cM
L.

s1
.9

6_
no

is
e

cM
L.

s1
.6

4_
no

is
e

cM
L.

s1
.4

4_
no

is
e

cM
L.

s1
.2

8_
no

is
e

cM
L.

s1
.1

5_
no

is
e

cM
L.

s1
.0

4_
no

is
e

cM
L.

s0
.9

3_
no

is
e

M
T

L.
a0

5_
no

is
e

M
T

L.
a1

0_
no

is
e

M
T

L.
a1

5_
no

is
e

M
T

L.
a2

0_
no

is
e

M
T

L.
a2

5_
no

is
e

M
T

L.
a3

0_
no

is
e

M
T

L.
a3

5_
no

is
e

M
T

L.
tu

ne
d_

no
is

e

M
L.

tr
ue

_n
oi

se

M
L.

na
iv

e_
no

is
e

cM
L.

s3
_n

oi
se

cM
L.

s1
.9

6_
no

is
e

cM
L.

s1
.6

4_
no

is
e

cM
L.

s1
.4

4_
no

is
e

cM
L.

s1
.2

8_
no

is
e

cM
L.

s1
.1

5_
no

is
e

cM
L.

s1
.0

4_
no

is
e

cM
L.

s0
.9

3_
no

is
e

M
T

L.
a0

5_
no

is
e

M
T

L.
a1

0_
no

is
e

M
T

L.
a1

5_
no

is
e

M
T

L.
a2

0_
no

is
e

M
T

L.
a2

5_
no

is
e

M
T

L.
a3

0_
no

is
e

M
T

L.
a3

5_
no

is
e

M
T

L.
tu

ne
d_

no
is

e

0

5

10

15

20

0

5

10

15

0

5

10

15

0

5

10

fitmodel

B: Measurement outliers
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Figure 13

Number of non-converging modeling solutions including measurement error for data with little measurement error and
long time series (T = 800).
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2.2.2 Improved estimation due to innovation outliers368

The figures in this section display the effects of innovation outliers on model performance in369

terms of the estimation accuracy of the AR parameter (MSE; Figure 14) and predictive accuracy of370

the overall model (MSPE; Figure 15). We limit the presentation here to short time series (T = 80)371

with randomly occurring outliers, and to models fitted without measurement error. Results on model372

performance given longer time series, temporally dependent outliers and modeling measurement error373

are shown in the following sections.374

In each figure - as in the manuscript - the performance measure (y-axis) is shown as a function375

of the proportion of innovation outliers (x-axis). Panels A display results for measurement error-free376

data, panels B for measurement error-affected data. Estimation methods are distinguished by rows,377

population-level AR effect sizes by columns. The bars marking estimation errors are decomposed378

into variance (black; lower bar part) and squared bias (color depending on method; upper bar379

part). Dashed and solid grey lines (re-)mark the performance of the classical and the true model380

respectively. Unlike in the manuscript, innovation outliers are contrasted with the other outlier types381

(measurement and mixed) when data are affected by measurement error. Also, turquoise error bars382

are added visualizing the bootstrapped MSE and MSPE percentiles.383
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Figure 14

Estimation error AR effect for short time series (T = 80) with randomly occurring outliers, and models fitted without measurement error.
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Figure 15

Prediction error for short time series (T = 80) with randomly occurring outliers, and models fitted without measurement error.
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2.2.3 Improved estimation and prediction due to robust methods384

The figures in this section display again performance of the different robust methods under385

different types of outliers. Here we cast model performance again in terms of the MSE of the AR386

parameter, the MSPE of the overall model, but also in terms of how a method handles outliers during387

estimation. Figures 16, 19 and 22 show the estimation error of the AR effect for short, medium-length388

and long time series, respectively. Figures 17, 20 and 23 show the prediction error, and Figures 18,389

21 and 24 the outlier handling for short, medium-length and long time series, respectively. We limit390

the presentation to randomly occurring outliers, and to models fitted without measurement error.391

Results on model performance given temporally dependent outliers and modeling measurement error392

are shown in the following sections.393

For the MSE- and MSPE-figures, we again show the performance measure (y-axis) as a394

function of the (robust) modeling approach used (x-axis). Per figure panels A display results for395

measurement error-free data and innovation outliers, panels B for measurement error-affected data396

and innovation, measurement and mixed outliers. Outliers proportions are distinguished by rows,397

population-level AR effect sizes by columns. The bars marking estimation errors are decomposed398

into variance (black; lower bar part) and squared bias (color depending on method; upper bar part).399

Dashed and solid grey lines (re-)mark the performance of the classical and the true model respectively.400

Turquoise error bars visualize the bootstrapped MSE and MSPE percentiles. Turquoise vertical lines401

indicate the ‘winning’ model with the smallest observed MSE or MSPE per tile (solid line) and those402

models that closely follow-up (i.e., models of which the observed MSE or MSPE is smaller than the403

bootstrapped 84th MSE percentile of the winning model; dashed lines).404

The outlier handling figures show the relative frequencies of vertical outliers (VO), bad405

leverage points (BP), simultaneous vertical outlier and bad leverage points (VO+BLP) and other406

data points (y-axis) excluded by each robust method (x-axis). The actual distribution of data points407

is included as a reference as the left-most bar (with axis-label “In data”). Otherwise these figures are408

structured similarly to the MSE- and MSPE-ones (in terms of what is shown in panels, columns and409

rows).410
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Figure 16

Estimation error AR effect for short time series (T = 80) with randomly occurring outliers, and models fitted without measurement error.
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Figure 17

Prediction error for short time series (T = 80) with randomly occurring outliers, and models fitted without measurement error.
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Figure 18

Relative frequencies of outliers excluded for short time series (T = 80) with randomly occurring outliers, and models fitted without measurement error.



IM
PR

O
V

ED
EST

IM
AT

IO
N

O
F

A
R

M
O

D
ELS

33

AR effect small AR effect medium−sized AR effect large

0 %
 outliers

10 %
 outliers

20 %
 outliers

30 %
 outliers

M
L

cM
L.

s3
M

M
M

T
L.

a0
5

M
T

L.
a1

0
M

T
L.

a1
5

M
T

L.
a2

0
M

T
L.

a2
5

M
T

L.
a3

0
M

T
L.

a3
5

M
T

L.
tu

ne
d

M
L

cM
L.

s3
M

M
M

T
L.

a0
5

M
T

L.
a1

0
M

T
L.

a1
5

M
T

L.
a2

0
M

T
L.

a2
5

M
T

L.
a3

0
M

T
L.

a3
5

M
T

L.
tu

ne
d

M
L

cM
L.

s3
M

M
M

T
L.

a0
5

M
T

L.
a1

0
M

T
L.

a1
5

M
T

L.
a2

0
M

T
L.

a2
5

M
T

L.
a3

0
M

T
L.

a3
5

M
T

L.
tu

ne
d

0.00

0.01

0.02

0.000

0.002

0.004

0.006

0.008

0.0000

0.0025

0.0050

0.0075

0.0100

0.000

0.005

0.010

0.015

0.020

fitmodel

Innovation outliers
A: Data with no measurement error

AR effect small AR effect medium−sized AR effect large

0 %
 outliers

10 %
 outliers

20 %
 outliers

30 %
 outliers

M
L

cM
L.

s3
M

M
M

T
L.

a0
5

M
T

L.
a1

0
M

T
L.

a1
5

M
T

L.
a2

0
M

T
L.

a2
5

M
T

L.
a3

0
M

T
L.

a3
5

M
T

L.
tu

ne
d

M
L

cM
L.

s3
M

M
M

T
L.

a0
5

M
T

L.
a1

0
M

T
L.

a1
5

M
T

L.
a2

0
M

T
L.

a2
5

M
T

L.
a3

0
M

T
L.

a3
5

M
T

L.
tu

ne
d

M
L

cM
L.

s3
M

M
M

T
L.

a0
5

M
T

L.
a1

0
M

T
L.

a1
5

M
T

L.
a2

0
M

T
L.

a2
5

M
T

L.
a3

0
M

T
L.

a3
5

M
T

L.
tu

ne
d

0.00

0.01

0.02

0.03

0.000

0.002

0.004

0.006

0.008

0.0000

0.0025

0.0050

0.0075

0.0100

0.000

0.005

0.010

0.015

0.020

fitmodel

Innovation outliers
B: Data with little measurement error

AR effect small AR effect medium−sized AR effect large

0 %
 outliers

10 %
 outliers

20 %
 outliers

30 %
 outliers

M
L

cM
L.

s3
M

M
M

T
L.

a0
5

M
T

L.
a1

0
M

T
L.

a1
5

M
T

L.
a2

0
M

T
L.

a2
5

M
T

L.
a3

0
M

T
L.

a3
5

M
T

L.
tu

ne
d

M
L

cM
L.

s3
M

M
M

T
L.

a0
5

M
T

L.
a1

0
M

T
L.

a1
5

M
T

L.
a2

0
M

T
L.

a2
5

M
T

L.
a3

0
M

T
L.

a3
5

M
T

L.
tu

ne
d

M
L

cM
L.

s3
M

M
M

T
L.

a0
5

M
T

L.
a1

0
M

T
L.

a1
5

M
T

L.
a2

0
M

T
L.

a2
5

M
T

L.
a3

0
M

T
L.

a3
5

M
T

L.
tu

ne
d

0.00

0.01

0.02

0.03

0.0

0.1

0.2

0.3

0.0

0.1

0.2

0.3

0.4

0.0

0.1

0.2

0.3

0.4

fitmodel

Measurement outliers

AR effect small AR effect medium−sized AR effect large

0 %
 outliers

10 %
 outliers

20 %
 outliers

30 %
 outliers

M
L

cM
L.

s3
M

M
M

T
L.

a0
5

M
T

L.
a1

0
M

T
L.

a1
5

M
T

L.
a2

0
M

T
L.

a2
5

M
T

L.
a3

0
M

T
L.

a3
5

M
T

L.
tu

ne
d

M
L

cM
L.

s3
M

M
M

T
L.

a0
5

M
T

L.
a1

0
M

T
L.

a1
5

M
T

L.
a2

0
M

T
L.

a2
5

M
T

L.
a3

0
M

T
L.

a3
5

M
T

L.
tu

ne
d

M
L

cM
L.

s3
M

M
M

T
L.

a0
5

M
T

L.
a1

0
M

T
L.

a1
5

M
T

L.
a2

0
M

T
L.

a2
5

M
T

L.
a3

0
M

T
L.

a3
5

M
T

L.
tu

ne
d

0.00

0.01

0.02

0.03

0.00

0.02

0.04

0.06

0.08

0.000

0.025

0.050

0.075

0.100

0.000

0.025

0.050

0.075

0.100

fitmodel

Mixed outliers

Type of error Bias squared Variance

Figure 19

Estimation error AR effect for medium-length time series (T = 160) with randomly occurring outliers, and models fitted without measurement error.
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Figure 20

Prediction error for medium-length time series (T = 160) with randomly occurring outliers, and models fitted without measurement error.
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Figure 21

Relative frequencies of outliers excluded for medium-length time series (T = 160) with randomly occurring outliers, and models fitted without measurement error.
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Figure 22

Estimation error AR effect for long time series (T = 800) with randomly occurring outliers, and models fitted without measurement error.
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Figure 23

Prediction error for long time series (T = 800) with randomly occurring outliers, and models fitted without measurement error.
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B: Data with little measurement error
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Figure 24

Relative frequencies of outliers excluded for long time series (T = 800) with randomly occurring outliers, and models fitted without measurement error.
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2.2.4 Improved estimation and prediction due to robust methods411

The figures in this section display performance of the different robust methods under different412

types of outliers. Unlike in section 2.2.4 this section not only includes the 3 − σ cML estimator, but413

also the alternative cML variants.414

Figures 25, 26, 31, 32, 37, and 38 show the estimation error of the AR effect for short,415

medium-length and long time series, respectively. Figures 27, 28, 33, 34, 39, and 40 show the416

prediction error for short, medium-length and long time series, respectively. Figures 29, 30, 35, 36,417

41, and 42 show the outlier handling for short, medium-length and long time series, respectively.418
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Figure 25

Estimation error AR effect for data with no measurement error for short time series (T = 80) with randomly occurring
outliers, and models fitted without measurement error.

AR effect small AR effect medium−sized AR effect large

0 %
 outliers

10 %
 outliers

20 %
 outliers

30 %
 outliers

M
L

cM
L.

s3

cM
L.

s1
.9

6

cM
L.

s1
.6

4

cM
L.

s1
.4

4

cM
L.

s1
.2

8

cM
L.

s1
.1

5

cM
L.

s1
.0

4

cM
L.

s0
.9

3

M
M

M
T

L.
a0

5

M
T

L.
a1

0

M
T

L.
a1

5

M
T

L.
a2

0

M
T

L.
a2

5

M
T

L.
a3

0

M
T

L.
a3

5

M
T

L.
tu

ne
d

M
L

cM
L.

s3

cM
L.

s1
.9

6

cM
L.

s1
.6

4

cM
L.

s1
.4

4

cM
L.

s1
.2

8

cM
L.

s1
.1

5

cM
L.

s1
.0

4

cM
L.

s0
.9

3

M
M

M
T

L.
a0

5

M
T

L.
a1

0

M
T

L.
a1

5

M
T

L.
a2

0

M
T

L.
a2

5

M
T

L.
a3

0

M
T

L.
a3

5

M
T

L.
tu

ne
d

M
L

cM
L.

s3

cM
L.

s1
.9

6

cM
L.

s1
.6

4

cM
L.

s1
.4

4

cM
L.

s1
.2

8

cM
L.

s1
.1

5

cM
L.

s1
.0

4

cM
L.

s0
.9

3

M
M

M
T

L.
a0

5

M
T

L.
a1

0

M
T

L.
a1

5

M
T

L.
a2

0

M
T

L.
a2

5

M
T

L.
a3

0

M
T

L.
a3

5

M
T

L.
tu

ne
d

0.00

0.05

0.10

0.15

0.20

0.00

0.01

0.02

0.03

0.000

0.025

0.050

0.075

0.100

0.0

0.1

0.2

fitmodel

A: Innovation outliers



IMPROVED ESTIMATION OF AR MODELS 41

AR effect small AR effect medium−sized AR effect large

0 %
 outliers

10 %
 outliers

20 %
 outliers

30 %
 outliers

M
L

cM
L.

s3

cM
L.

s1
.9

6

cM
L.

s1
.6

4

cM
L.

s1
.4

4

cM
L.

s1
.2

8

cM
L.

s1
.1

5

cM
L.

s1
.0

4

cM
L.

s0
.9

3

M
M

M
T

L.
a0

5

M
T

L.
a1

0

M
T

L.
a1

5

M
T

L.
a2

0

M
T

L.
a2

5

M
T

L.
a3

0

M
T

L.
a3

5

M
T

L.
tu

ne
d

M
L

cM
L.

s3

cM
L.

s1
.9

6

cM
L.

s1
.6

4

cM
L.

s1
.4

4

cM
L.

s1
.2

8

cM
L.

s1
.1

5

cM
L.

s1
.0

4

cM
L.

s0
.9

3

M
M

M
T

L.
a0

5

M
T

L.
a1

0

M
T

L.
a1

5

M
T

L.
a2

0

M
T

L.
a2

5

M
T

L.
a3

0

M
T

L.
a3

5

M
T

L.
tu

ne
d

M
L

cM
L.

s3

cM
L.

s1
.9

6

cM
L.

s1
.6

4

cM
L.

s1
.4

4

cM
L.

s1
.2

8

cM
L.

s1
.1

5

cM
L.

s1
.0

4

cM
L.

s0
.9

3

M
M

M
T

L.
a0

5

M
T

L.
a1

0

M
T

L.
a1

5

M
T

L.
a2

0

M
T

L.
a2

5

M
T

L.
a3

0

M
T

L.
a3

5

M
T

L.
tu

ne
d

0.00

0.05

0.10

0.15

0.20

0.0

0.1

0.2

0.3

0.0

0.1

0.2

0.3

0.4

0.5

0.0

0.2

0.4

0.6

fitmodel

B: Measurement outliers

AR effect small AR effect medium−sized AR effect large

0 %
 outliers

10 %
 outliers

20 %
 outliers

30 %
 outliers

M
L

cM
L.

s3

cM
L.

s1
.9

6

cM
L.

s1
.6

4

cM
L.

s1
.4

4

cM
L.

s1
.2

8

cM
L.

s1
.1

5

cM
L.

s1
.0

4

cM
L.

s0
.9

3

M
M

M
T

L.
a0

5

M
T

L.
a1

0

M
T

L.
a1

5

M
T

L.
a2

0

M
T

L.
a2

5

M
T

L.
a3

0

M
T

L.
a3

5

M
T

L.
tu

ne
d

M
L

cM
L.

s3

cM
L.

s1
.9

6

cM
L.

s1
.6

4

cM
L.

s1
.4

4

cM
L.

s1
.2

8

cM
L.

s1
.1

5

cM
L.

s1
.0

4

cM
L.

s0
.9

3

M
M

M
T

L.
a0

5

M
T

L.
a1

0

M
T

L.
a1

5

M
T

L.
a2

0

M
T

L.
a2

5

M
T

L.
a3

0

M
T

L.
a3

5

M
T

L.
tu

ne
d

M
L

cM
L.

s3

cM
L.

s1
.9

6

cM
L.

s1
.6

4

cM
L.

s1
.4

4

cM
L.

s1
.2

8

cM
L.

s1
.1

5

cM
L.

s1
.0

4

cM
L.

s0
.9

3

M
M

M
T

L.
a0

5

M
T

L.
a1

0

M
T

L.
a1

5

M
T

L.
a2

0

M
T

L.
a2

5

M
T

L.
a3

0

M
T

L.
a3

5

M
T

L.
tu

ne
d

0.00

0.05

0.10

0.15

0.20

0.000

0.025

0.050

0.075

0.100

0.00

0.03

0.06

0.09

0.12

0.00

0.05

0.10

0.15

fitmodel

C: Mixed outliers

Type of error Bias squared Variance

Figure 26

Estimation error AR effect for data with little measurement error for short time series (T = 80) with randomly occurring
outliers, and models fitted without measurement error.
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Figure 27

Prediction error for data with no measurement error for short time series (T = 80) with randomly occurring outliers, and
models fitted without measurement error.
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B: Measurement outliers
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C: Mixed outliers

Figure 28

Prediction error for data with little measurement error for short time series (T = 80) with randomly occurring outliers,
and models fitted without measurement error.
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Figure 29

Relative frequencies of outliers excluded for data with no measurement error for short time series (T = 80) with randomly
occurring outliers, and models fitted without measurement error.
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A: Innovation outliers



IMPROVED ESTIMATION OF AR MODELS 45

AR effect small AR effect medium−sized AR effect large

10 %
 outliers

20 %
 outliers

30 %
 outliers

in
 d

at
a

cM
L.

s3

cM
L.

s1
.9

6

cM
L.

s1
.6

4

cM
L.

s1
.4

4

cM
L.

s1
.2

8

cM
L.

s1
.1

5

cM
L.

s1
.0

4

cM
L.

s0
.9

3

M
M

M
T

L.
a0

5

M
T

L.
a1

0

M
T

L.
a1

5

M
T

L.
a2

0

M
T

L.
a2

5

M
T

L.
a3

0

M
T

L.
a3

5

M
T

L.
tu

ne
d

in
 d

at
a

cM
L.

s3

cM
L.

s1
.9

6

cM
L.

s1
.6

4

cM
L.

s1
.4

4

cM
L.

s1
.2

8

cM
L.

s1
.1

5

cM
L.

s1
.0

4

cM
L.

s0
.9

3

M
M

M
T

L.
a0

5

M
T

L.
a1

0

M
T

L.
a1

5

M
T

L.
a2

0

M
T

L.
a2

5

M
T

L.
a3

0

M
T

L.
a3

5

M
T

L.
tu

ne
d

in
 d

at
a

cM
L.

s3

cM
L.

s1
.9

6

cM
L.

s1
.6

4

cM
L.

s1
.4

4

cM
L.

s1
.2

8

cM
L.

s1
.1

5

cM
L.

s1
.0

4

cM
L.

s0
.9

3

M
M

M
T

L.
a0

5

M
T

L.
a1

0

M
T

L.
a1

5

M
T

L.
a2

0

M
T

L.
a2

5

M
T

L.
a3

0

M
T

L.
a3

5

M
T

L.
tu

ne
d

0.00

0.25

0.50

0.75

1.00

0.00

0.25

0.50

0.75

1.00

0.00

0.25

0.50

0.75

1.00

fitmodel

B: Measurement outliers
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Figure 30

Relative frequencies of outliers excluded for data with little measurement error for short time series (T = 80) with randomly
occurring outliers, and models fitted without measurement error.
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Figure 31

Estimation error AR effect for data with no measurement error for medium-length time series (T = 160) with randomly
occurring outliers, and models fitted without measurement error.
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B: Measurement outliers
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C: Mixed outliers

Type of error Bias squared Variance

Figure 32

Estimation error AR effect for data with little measurement error for medium-length time series (T = 160) with randomly
occurring outliers, and models fitted without measurement error.
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Figure 33

Prediction error for data with no measurement error for medium-length time series (T = 160) with randomly occurring
outliers, and models fitted without measurement error.
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B: Measurement outliers
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C: Mixed outliers

Figure 34

Prediction error for data with little measurement error for medium-length time series (T = 160) with randomly occurring
outliers, and models fitted without measurement error.
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Figure 35

Relative frequencies of outliers excluded for data with no measurement error for medium-length time series (T = 160)
with randomly occurring outliers, and models fitted without measurement error.
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B: Measurement outliers
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Figure 36

Relative frequencies of outliers excluded for data with little measurement error for medium-length time series (T = 160)
with randomly occurring outliers, and models fitted without measurement error.
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Figure 37

Estimation error AR effect for data with no measurement error for long time series (T = 800) with randomly occurring
outliers, and models fitted without measurement error.
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B: Measurement outliers

AR effect small AR effect medium−sized AR effect large

0 %
 outliers

10 %
 outliers

20 %
 outliers

30 %
 outliers

M
L

cM
L.

s3

cM
L.

s1
.9

6

cM
L.

s1
.6

4

cM
L.

s1
.4

4

cM
L.

s1
.2

8

cM
L.

s1
.1

5

cM
L.

s1
.0

4

cM
L.

s0
.9

3

M
M

M
T

L.
a0

5

M
T

L.
a1

0

M
T

L.
a1

5

M
T

L.
a2

0

M
T

L.
a2

5

M
T

L.
a3

0

M
T

L.
a3

5

M
T

L.
tu

ne
d

M
L

cM
L.

s3

cM
L.

s1
.9

6

cM
L.

s1
.6

4

cM
L.

s1
.4

4

cM
L.

s1
.2

8

cM
L.

s1
.1

5

cM
L.

s1
.0

4

cM
L.

s0
.9

3

M
M

M
T

L.
a0

5

M
T

L.
a1

0

M
T

L.
a1

5

M
T

L.
a2

0

M
T

L.
a2

5

M
T

L.
a3

0

M
T

L.
a3

5

M
T

L.
tu

ne
d

M
L

cM
L.

s3

cM
L.

s1
.9

6

cM
L.

s1
.6

4

cM
L.

s1
.4

4

cM
L.

s1
.2

8

cM
L.

s1
.1

5

cM
L.

s1
.0

4

cM
L.

s0
.9

3

M
M

M
T

L.
a0

5

M
T

L.
a1

0

M
T

L.
a1

5

M
T

L.
a2

0

M
T

L.
a2

5

M
T

L.
a3

0

M
T

L.
a3

5

M
T

L.
tu

ne
d

0.00

0.05

0.10

0.00

0.02

0.04

0.06

0.00

0.02

0.04

0.06

0.08

0.00

0.05

0.10

fitmodel

C: Mixed outliers

Type of error Bias squared Variance

Figure 38

Estimation error AR effect for data with little measurement error for long time series (T = 800) with randomly occurring
outliers, and models fitted without measurement error.
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Figure 39

Prediction error for data with no measurement error for long time series (T = 800) with randomly occurring outliers, and
models fitted without measurement error.
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B: Measurement outliers
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C: Mixed outliers

Figure 40

Prediction error for data with little measurement error for long time series (T = 800) with randomly occurring outliers,
and models fitted without measurement error.
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Figure 41

Relative frequencies of outliers excluded for data with no measurement error for long time series (T = 800) with randomly
occurring outliers, and models fitted without measurement error.
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B: Measurement outliers

AR effect small AR effect medium−sized AR effect large

10 %
 outliers

20 %
 outliers

30 %
 outliers

in
 d

at
a

cM
L.

s3

cM
L.

s1
.9

6

cM
L.

s1
.6

4

cM
L.

s1
.4

4

cM
L.

s1
.2

8

cM
L.

s1
.1

5

cM
L.

s1
.0

4

cM
L.

s0
.9

3

M
M

M
T

L.
a0

5

M
T

L.
a1

0

M
T

L.
a1

5

M
T

L.
a2

0

M
T

L.
a2

5

M
T

L.
a3

0

M
T

L.
a3

5

M
T

L.
tu

ne
d

in
 d

at
a

cM
L.

s3

cM
L.

s1
.9

6

cM
L.

s1
.6

4

cM
L.

s1
.4

4

cM
L.

s1
.2

8

cM
L.

s1
.1

5

cM
L.

s1
.0

4

cM
L.

s0
.9

3

M
M

M
T

L.
a0

5

M
T

L.
a1

0

M
T

L.
a1

5

M
T

L.
a2

0

M
T

L.
a2

5

M
T

L.
a3

0

M
T

L.
a3

5

M
T

L.
tu

ne
d

in
 d

at
a

cM
L.

s3

cM
L.

s1
.9

6

cM
L.

s1
.6

4

cM
L.

s1
.4

4

cM
L.

s1
.2

8

cM
L.

s1
.1

5

cM
L.

s1
.0

4

cM
L.

s0
.9

3

M
M

M
T

L.
a0

5

M
T

L.
a1

0

M
T

L.
a1

5

M
T

L.
a2

0

M
T

L.
a2

5

M
T

L.
a3

0

M
T

L.
a3

5

M
T

L.
tu

ne
d

0.00

0.25

0.50

0.75

1.00

0.00

0.25

0.50

0.75

1.00

0.00

0.25

0.50

0.75

1.00

fitmodel

C: Mixed outliers

Data type other BLP VO+BLP VO

Figure 42

Relative frequencies of outliers excluded for data with little measurement error for long time series (T = 800) with
randomly occurring outliers, and models fitted without measurement error.
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2.2.5 Temporally dependent outliers419

The figures in this section display performance of the different robust methods under different420

types of outliers that occur with varying temporal dependence. The section is structured as section421

2.2.4. That is, we again cast model performance in terms of the MSE of the AR parameter, the MSPE422

of the overall model and in terms of how a method handles outliers during estimation. Figures 43, 48423

and 53 show the estimation error of the AR effect for data with no measurement error and short,424

medium-length and long time series, respectively, and Figures 44, 49 and 54 show the estimation error425

of the AR effect for short, medium-length and long time series and data with measurement error.426

Figures 45, 50 and 55 show the prediction error for data with no measurement error and Figures427

46, 51 and 56 show the prediction error for data with measurement error, and Figures 47, 52 and428

57 the outlier handling for short, medium-length and long time series, where outliers occurred with429

high temporal dependence. We limit the presentation to models fitted without measurement error.430

Results on model performance given modeled measurement error are shown in the following section.431

For the MSE- and MSPE-figures, we again show the performance measure (y-axis) as432

a function of the (robust) modeling approach used (x-axis). The different degrees of temporal433

dependence in the outliers are distinguished by point shape and bar color: Diamonds and colored434

bars mark randomly occurring outliers, triangles and gray-scaled bars mark occurrence with medium435

temporal dependence and circles and gray-scaled bars occurrence with high temporal dependence.436

The winning models are still marked for randomly occurring outliers. The case of mixed outliers is437

not included since those outliers could only occur randomly. The outlier handling figures again show438

the relative frequencies of vertical outliers (VO), bad leverage points (BP), simultaneous vertical439

outlier and bad leverage points (VO+BLP) and other data points (y-axis) in the actual data and440

excluded by each robust method (x-axis). With the high temporal dependence condition we focus on441

a scenario that maximally contrasts with the random occurrence condition.442

Looking at the MSE-figures, it seems that, in case of innovation outliers, higher outlier443

dependency leads to higher MSEs. This could reflect the increased probability that good leverage444

points are more likely to be contaminated with new innovation and hence vertical outliers, which445

would likely impair estimation accuracy. In case of measurement outliers, however, we see that the446

effects of outlier dependence reverse for medium-sized and large population-level AR effects. Here447

higher temporal dependence seems beneficial. This is surprising on first sight, but probably again448

due to the impact of the different data point types produced: Measurement outliers occurring with a449

high temporal dependence cause a substantial number of data points that are simultaneous vertical450

outliers and bad leverage points. Since the outlier effect is designed to be large but not extreme in our451

simulation study, it is likely that, for the estimation of large(r) AR effects, these data points function452

more as good leverage points than as vertical outliers or bad leverage points. In fact, we already saw453

this happen in the illustrative example in manuscript. Taking a look at the outlier handling figures,454

we indeed see that (a) there are higher proportions of simultaneous vertical outliers and bad leverage455

points in the data, and (b) less of these are handled as compared to when outliers occur randomly.456

Looking at the MSPE-figures it seems that higher outlier dependence generally has positive457

effects on overall predictive performance, also for innovation outliers. This discrepancy is probably458

partly due to the other parameter estimators of the AR model behaving differently under varying459

outlier dependencies than the AR parameter estimator.460
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Figure 43

Estimation error AR effect for data with no measurement error and short time series (T = 80).
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Figure 44

Estimation error AR effect for data with little measurement error and short time series (T = 80).
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Figure 45

Prediction error for data with no measurement error and short time series (T = 80).
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Figure 46

Prediction error for data with little measurement error and short time series (T = 80).
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Figure 47

Relative frequencies of outliers excluded for short time series (T = 80) with outliers occurring with high temporal dependency, and models fitted without measurement error.
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Figure 48

Estimation error AR effect for data with no measurement error and medium-length time series (T = 160).
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Figure 49

Estimation error AR effect for data with little measurement error and medium-length time series (T = 160).
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Figure 50

Prediction error for data with no measurement error and medium-length time series (T = 160).
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Figure 51

Prediction error for data with little measurement error and medium-length time series (T = 160).
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Figure 52

Relative frequencies of outliers excluded for medium-length time series (T = 160) with outliers occurring with high temporal dependency, and models fitted without
measurement error.
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Figure 53

Estimation error AR effect for data with no measurement error and long time series (T = 800).
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Figure 54

Estimation error AR effect for data with little measurement error and long time series (T = 800).
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Figure 55

Prediction error for data with no measurement error and long time series (T = 800).
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Figure 56

Prediction error for data with little measurement error and long time series (T = 800).
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Figure 57

Relative frequencies of outliers excluded for long time series (T = 800) with outliers occurring with high temporal dependency, and models fitted without measurement error.
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2.2.6 Modeling measurement error461

The figures in this section display the effects of modeling measurement error on model462

performance. Figures 58, 60 and 62 show the estimation error of the AR effect and Figures 59, 61463

and 63 the prediction error for short, medium-length and long time series, respectively. We limit464

the presentation to randomly occurring outliers. Results on model performance given temporally465

dependent outliers are shown in the previous section.466

Per figure, the MSE or MSPE (y-axis) is again shown as a function of the estimation method467

(x-axis). Results pertain to measurement error-affected data with innovation outliers (Panel A),468

measurement outliers (Panel B) or mixed outliers (Panel C). Outlier proportions are distinguished469

by rows, population-level AR effect sizes by columns.470

Estimation methods are reduced to classical ML and MTL but each method is implemented in471

a model without (diamonds) and with measurement error (triangles). Bars displaying the same472

estimator are grouped together, with colored bars referring to the models without measurement error473

and gray-scale bars to the models without. Bars are again decomposed into variance (either black474

or dark grey; lower bar part) and squared bias (color depending on method or light grey; upper475

bar part). Per estimator, the winning model variant with the lowest estimation error is marked in476

turquoise.477
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C: Mixed outliers

Type of error Bias squared Variance Measurement error modeled No Yes

Figure 58

Estimation error AR effect for data with little measurement error for short time series (T = 80) with randomly occurring outliers.
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B: Measurement outliers
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Figure 59

Prediction error for data with little measurement error for short time series (T = 80) with randomly occurring outliers.
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C: Mixed outliers

Type of error Bias squared Variance Measurement error modeled No Yes

Figure 60

Estimation error AR effect for data with little measurement error for medium-length time series (T = 160) with randomly occurring outliers.
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B: Measurement outliers

Measurement error modeled No Yes

Figure 61

Prediction error for data with little measurement error for medium-length time series (T = 160) with randomly occurring outliers.
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C: Mixed outliers

Type of error Bias squared Variance Measurement error modeled No Yes

Figure 62

Estimation error AR effect for data with little measurement error for long time series (T = 800) with randomly occurring outliers.
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B: Measurement outliers

Measurement error modeled No Yes

Figure 63

Prediction error for data with little measurement error for long time series (T = 800) with randomly occurring outliers.
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2.2.7 Standard error estimator performance478

The figures in this section display the potential bias of the different method’s AR parameter479

standard error (SE) estimators. Figure 64 pertains to data with no measurement error and short480

time series (T = 80), Figure 65 to data with measurement error and short time series, Figure 66 to481

data with no measurement error and medium-length time series (T = 160), Figure 67 to data with482

measurement error and medium-length time series, Figure 68 to data with no measurement error483

and long time series (T = 800), and Figure 69 to data with measurement error and long time series.484

We limit the presentation to randomly occurring outliers, and to models fitted without measurement485

error.486

Each figure plots the average squared SE estimate of the AR parameter (y-axis) against487

the variance between AR parameter point estimates observed across simulation replications (x-axis).488

Outlier types are distinguished by panels, population-level AR effect sizes by columns and estimation489

methods are distinguished by rows. The turquoise lines delineate a one-to-one correspondence between490

both quantities, and deviations from it imply biased SE estimators in the sense that they do not491

recover the actual estimation uncertainty as estimated via the observed variance of the point estimates.492

Deviations in horizontal direction represent negative biases or underestimated uncertainties, which493

can inflate type 1 error rates, if SE estimates are used for hypothesis testing. Deviations in vertical494

direction represent positive biases of overestimated uncertainties, which can inflate type 2 error rates,495

if SE estimates are used for hypothesis testing.496
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Figure 64

Standard error estimates for data with no measurement error for short time series (T = 80) with randomly occurring
outliers and models fitted without measurement error.
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Figure 65

Standard error estimates for data with little measurement error for short time series (T = 80) with randomly occurring outliers and models fitted without measurement error.
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Figure 66

Standard error estimates for data with no measurement error for medium-length time series (T = 160) with randomly
occurring outliers and models fitted without measurement error.
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Figure 67

Standard error estimates for data with little measurement error for medium-length time series (T = 160) with randomly occurring outliers and models fitted without
measurement error.
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Figure 68

Standard error estimates for data with no measurement error for long time series (T = 800) with randomly occurring
outliers and models fitted without measurement error.
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Figure 69

Standard error estimates for data with little measurement error for long time series (T = 800) with randomly occurring outliers and models fitted without measurement error.
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3 Supplementary materials to the empirical illustration497

3.1 Purpose498

The purpose of this empirical illustration is to demonstrate the performance of the classical499

and robust methods considered in the manuscript under somewhat more realistic conditions in a500

real-world data set. To this end, we rely on the affect data from the gambling experiment (Ariens,501

2023), which are described in detail in the manuscript and are available via an OSF repository502

(Ariens, 2023). We add innovation or measurement outliers to the observed data, and compare the503

performance of the various methods to the performance of classical AR(1) modeling of the original,504

uncontaminated data. All analysis code is available in a GitLab repository accessible via the Open505

Science Framework (OSF) repository Supplementary materials for manuscript: Improved estimation506

of autoregressive models through contextual impulses and robust modeling (Adolf & Ceulemans, 2023).507

The results are in line with the simulation study results.508

3.2 Analysis509

3.2.1 Outlier generation510

We contaminate each time series with 10 % of outliers of each outlier type separately. This511

amount matches the smallest outlier frequency in the simulation study and is chosen to avoid too512

many (patchy) outliers, as this complicates their handling. As in the simulation study, outliers occur513

randomly, but their frequencies are implemented in an exact rather than a probabilistic manner. To514

enable this - and also to enable an exact implementation of the different trimming proportions of the515

MTL estimator - we use the first 140 observations per participant and thus discard the last 12 ones.5516

Also, the perturbing effect of each outlier indicator variable equals five times the observed overall SD517

of the individual affect time series in size. Unlike in the simulation study, however, there was a 50518

% chance per measurement occasion that an outlier indicator would exert a negative instead of a519

positive effect.520

To contaminate the data with measurement outliers, we first generate the binary outlier521

indicator variable, multiply it with the outlier effect of specific size and sign, and add the resulting522

outlier series to the observed data. Generating innovation outliers is more complicated and involves523

the following steps: We use the measurement outlier indicator variable values as impulses to a specific524

AR(1) system. This system has zero dynamic variance and a dynamic intercept moderated by the525

measurement outlier indicator variable. The AR effect of the system is set to the AR effect estimate526

obtained for the uncontaminated data per participant. The resulting time series resembles an impulse527

response function with multiple impulses at random time points, and is then used as an updated528

outlier indicator variable, although it is no longer binary. The updated outlier indicator variable is529

again multiplied with the outlier effect and the resulting series is added to the observed data. One530

can easily verify, using simulated data, that this procedure is equivalent to recursively generating531

data from an AR(1) system with innovation outliers. Note that by using the individual AR effect532

estimates, we make sure that the innovation outlier-based impulses feed forward according to each533

particpant’s (estimated) individual dynamics.534

3.2.2 Models fitted535

To the contaminated data we fit all robust and classical AR(1) model variants employed in536

the simulation study, thus relying on 3 −σ cML, MM MTL, and ML estimation. For MTL estimation537

we again use varying trimming proportions α = {0.05, 0.10, 0.15, 0.20, 0.25, 0.30, 0.35} and include538

tuning. The uncontaminated data are fitted with the classical AR(1) model only.539

5Note that, starting from 152, 140 is the next smaller number for which the proportions of
{0.05, 0.10, 0.15, 0.20, 0.25, 0.30, 0.35} % correspond to whole numbers.

https://osf.io/u5yda/
https://osf.io/u5yda/
https://osf.io/u5yda/
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3.2.3 Assessing model performance540

To assess model performance in this illustration, we calculate the observed root mean541

squared error (RMSE) of the AR estimates obtained under contamination with respect to the classical542

AR estimates obtained in the uncontaminated data. The observed RMSE is calculated across all543

individual AR estimates for each AR(1) model variant separately. It is then used to compare methods544

in the sense that smaller observed RMSEs mean better performance.545

3.2.4 Implementation546

We again rely on R (R Core Team, 2022), our own simARO package and its dependencies547

(see manuscript), and on the packages parallel (R Core Team, 2022) and ggplot2 [with extensions;548

Wickham (2016)].549

Figure 70 displays the participants’ AR effect estimates obtained via robust and classical550

methods in the contaminated data (y-axis) as a function of classical estimates obtained in the uncon-551

taminated data (x-axis). Contamination concerns innovation outliers in Panel A and measurement552

outliers in Panel B. Per panel, each tile displays the estimate pairs of all participants for one of553

the estimation methods considered under contamination. The methods are ordered such that their554

RMSE values increase from left to right and from top to bottom. How individual estimates deviate555

from the uncontaminated data estimates can be seen from the colored vertical line segments. The556

solid grey line thereby marks the identity line between contaminated uncontaminated data estimates.557

Looking at Panel A, we see that both the MM estimator and the MTL estimator with the558

appropriate trimming proportion of 10 % perform best. The ML estimator performs below average559

(as can be read off the centered RMSE value added in brackets), and the MTL estimator with the560

two highest trimming proportion performs worst. Across all methods, contaminated data estimates561

deviate rather unsystematically from the benchmark results. Results thus seem to become less562

variable across participants with increasing method performance. This is in line with the results563

from the simulation study where we found that MSEs of the AR effect estimators were mainly564

variance-driven under innovation outliers.565

Panel B shows the situation under measurement outliers instead. Here we see that it is566

again the MTL estimator with the appropriate trimming proportion that performs best (20 % due567

to vertical outliers and bad leverage points). There are a number of differences, though. First,568

the MTL estimator variants with larger trimming proportions perform above average, whereas the569

ones with the two smallest trimming proportions perform below average. The ML and 3 − σ cML570

estimators are clearly not performing well, and lie relatively far below average. Finally, we observe a571

rather systematic pattern of deviations across all methods, which is mainly determined by negative572

deviations of the contaminated data estimates from the identity line. Hence, under measurement573

outliers, individual results seem to become less biased and/or less individual results seem to become574

biased with increasing model performance. For the better performing methods we thus see roughly575

two clusters of solutions emerging: One cluster stretches across the whole range of benchmark576

estimate effect sizes along the x-axis, but is limited to smaller effect sizes for the contaminated577

data estimates along the y-axis. For the involved solutions bias is thus likely larger the larger the578

benchmark estimate. A second cluster concerns solutions with benchmark and comparison estimates579

of larger size, which lie relatively close to (or slightly above) the identity line. It seems to be the size580

of this cluster - and it’s concentration around the identity line - that primarily determines method581

performance. That measurement outliers mainly cause bias problems is not a surprise and again in582

line with our simulation results.583
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B: Measurement outliers

Figure 70

AR effect estimates from robust and classical methods in contaminated data (y-axis) as a function of classical estimates
in uncontaminated data (x-axis). Results pertain to individual time series contaminated with innovation outliers (Panel
A) or measurement outliers (Panel B). Estimation methods are distinguished by tiles and color, and are ranked according
to their observed RMSE in ascending order. Observed RMSEs are displayed in the upper left corner of each tile, centered
values are thereby added in brackets. A solid grey line marks the identity line between contaminated uncontaminated
data estimates. Deviations of the contaminated data estimates from the identity line, and thus the uncontaminated data
estimates are visualized via vertical line segments. Individual solutions are only included if the modeling approaches
compared converged.
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