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Supplemental materials for “Assessing Heterogeneous Causal Effects across Clusters in

Partially Nested Designs”
Supplemental materials: Identification result

In what follows, we first identify the effect AT E), under no-interference and then identify
the effect AT'E¢! under the within-cluster interference.

Under no-interference

The effect AT E), defined under no-interference can be written as:

ATEy = BYi(1) | Ki(1) = 4] = B[Yi(0) | Ki(1) = ] = HRCRESGRRlpr QU=

For the denominator, under the treatment ignorability assumption, K;(1) 1L 7} | X, we

can write the potential cluster assignment probability as:

E[1(K;(1) = k)] = E[E[K;(1) = k | Xi]] = E[E[K;(1) = k | T} = 1, Xi]] (1)

— B[E[K, = k| T, = 1, X,]] = Elp.(X)]. @)

For the numerator, we first consider the potential control outcome. Under the treatment
ignorability assumption Y;(0) L 7; | X; and the principal ignorability assumption
Y;(0) 1L K;(1) | X;, we have:

E[Y;(0)1(K;(1) = k)] = E[E[Y;(0)1(K;(1) = k)| X))
= E[E[Yi(0)|.X;] - E[K;(1)|X;]]
= E[E[Y;(0)|T; = 0, X,] - E[K;(1)|T; = 1, X,]]

= E[EYI|T; = 0, Xi] - E[Ki|T; = 1, Xil] = Elpayjo(Xi)pe (Xi)]-

For the potential treatment outcome, under no-interference and the treatment ignorability
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assumption IA1 (i) 7; 1L K;(1) | X; and (ii) Y;(1) 1L 7; | X;, we have

E[Y;(D1(Ki(1) = k)] = E[E[Y;(1)1(K:i(1) = k) | X,]] 3)
=E[E[Y;(D)1(K;(1) =k) | T, = 1, X;]] 4)
= B[EY1(K:(1) = k) | T = 1, X,]] 5)

=E[EY(]) | K1) =kT =1, Xip(K;(1) =k | T, =1,X;)] (6
=E[EY; | K, = kT, = L, X,Jp(K; = k | T, = 1, X)) ©

= Efpty1 % (Xi)pe (Xi)]- (®)

Putting the numerator and denominator together, we have the identification result in the
main text.
Under the within-cluster interference

We can write the effect definition AT ES! as
ATES = E[Y;(1,T_i) | Ki(1) = k] — E[Y;(0) | K;(1) = k]. In the above, we have identified
the cluster mean potential control outcome E[Y;(0) | K;(1) = k|, for which there is no
interference. Therefore, the task to identify AT E' becomes the task of identifying
E[Y;(1,T_ ;) | K;(1) = k], which we describe here.

By iterated expectations, we can write:

EYi(1, T ) [ Ki(1) = k] =

ZE (L Tok) | X =@, KG(1) = kp(Xi = @ | Ki(1) = k),

where >, is summing over (or integrating over) all possible values of ;.

Under the treatment ignorability assumption IA1(ii’), we can write the conditional mean
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of the potential outcome

BIYi(1, Toi) | Xi = i, Ki(1) = K] 9)
=ElY;(1,T_y) | T, =1, X; = 2;, K;(1) = k] (10)
=E[Y; | T; =1, X; = 2;, Ki(1) = K] (11)
=ElY; | T, =1,X; = 2;, K; = K], (12)

which is /JJy|1,k(Xz' = Iz)
For p(X; = z; | Ki(1) = k), we can re-write it under IA1 (i) (i.e., as in Eq. [[}) and the

_ o  pEi(D)=k|Xi=z)p(Xs=z:) _ p(Ki=k|Ty=1,X;=z,)p(X;==:)
Bayes rule, p(X; = z; | K;(1) =k) =& p(Ki(l):k‘)’ =1L Te®) 2 , where

in the numerator p(K; = k | T; = 1, X; = x;) is pp(X; = ;). Putting the above together, we have

EY;(1, T i) | Ki(1) = k] =

pk<Xi = Iz)
E[pk(Xz)]

E[p1y1 %(Xi)pr (X5)]
piXi =) = E[pk(X;] ’

= Z/ﬁyu,k(Xi = 1;) (13)

which is the identification result in the main text.
Simulation Study: Supplemental Results

The simulation results for homogeneous cluster-specific treatment effects are shown in
Figures S1|, 2, and 3.

Similar to the patterns described in the main text, in Figure S1), the unadjusted estimator
(i.e., simple difference in means between each cluster k£ and the control arm) was biased even
when the treatment assignment was randomized, unless the cluster assignment was also
randomized. The developed estimator (1/; arE,) yielded low bias across different combinations of
nonrandomized/randomized treatment and cluster assignments.

In Figure S2 for the confidence intervals, the bootstrap-based interval method performed
more satisfactorily than the Wald-type interval method. The Wald-type intervals showed
undercoverage issues with J = 16 clusters in the treatment arm and sample size n = 400, under
nonrandomized assignments for both the treatment and cluster assignments. The bootstrap-based

intervals were more conservative than the Wald-type intervals.
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For the MSE (Figure §3), both the total sample size n and the number of clusters .J
influenced the MSE. Holding constant the total sample size, the MSEs were generally lower with

fewer clusters (or larger cluster sizes) than with more clusters (or smaller cluster sizes).
Sensitivity Analysis
We conduct a sensitivity analysis for the principal ignorability assumption (IA2). Our
sensitivity analysis method is based on methods in the principal score literature (Ding & Lu,
2017; Jiang et al., 2022; Nguyen et al., 2023), with adaptations to suit the PND data structure. For

notation simplicity, we omit subscript ¢ for individual ¢ when there is no confusion.
Sensitivity Analysis Method

To describe the sensitivity analysis method, we re-write the principal ignorability
assumption as: E[Y'(0) | K(1) = k, X] = E[Y(0) | K(1) # k, X] = E[Y(0) | X] for all
kE=1,..J.

Then, the sensitivity analysis proceeds as follows. (1) The first step is to specify a degree
of deviation from this assumption, with the “degree of deviation” quantified by a sensitivity
parameter. (2) The second step is to modify the identification result 147, for the cluster-specific
treatment effects (AT E), and AT E¢") under this specified sensitivity parameter. (3) Finally, the
third step is to estimate the modified identification result, given a user-specified value of the
sensitivity parameter. If the estimation results remain similar to the original results (i.e., the
results assuming the principal ignorability), then this would indicate that the estimation results are
robust to the specified degree of violation of the principal ignorability assumption.

For the first step, we use a mean difference as the sensitivity parameter, considering that
the outcome in the example is continuous and the magnitude of a mean difference is intuitive to
interpret. Specifically, we specify the deviation as:

E[Y(0) | K(1) =k, X] = E[Y(0) | K(1) # k, X] = diff. diff is the sensitivity parameter, and
the value is specified by researchers. For example, we may specify it based on standardized mean
differences (e.g., medium size 0.3), such as specifying diff;, = 0.3s,, where s, is the sample

standard deviation of the outcome of the control arm.
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For the second step, we first note that the following equality holds:
pe(X)EY(0) | K(1) = k, X] + [1 — pr(X)E[Y(0) | K(1) # k, X] = E[Y(0) [ X] = p1y)0(X).
The second equal sign follows from the treatment assignment ignorability assumption. Then, by
plugging in the sensitivity parameter, we have
pe(X)E[Y(0) | K(1) =k, X] 4+ [1 = pu(X)HE[Y(0) | K(1) = k, X] — diffi} = py0(X), which
leads to E[Y'(0) | K (1) = k, X]| = py0(X) + diff[1 — pp(X)]. Using this in the identification,

we have the modified identification result for E[Y (0) | K (1) = k] as follows:

E[Y(0) | K(1) =k] = E[{l‘y\O(X) +C]|Ellf[;§k[(1);)]pk(X)]}pk(X)]

_ BlpyoXpe(X)] | e e ElPe
= Elpe(X)] + diff, — diff,, Blpe(X)]

(14)

where the first term is the identification result under the principal ignorability assumption; the
second and third terms quantify the influence of the deviation from this assumption. Note that for
the cluster-mean potential treatment outcomes E[Y;(1) | K;(1) = k] and

E[Yi(1,T_;) | Ki(1) = K_;x(1) = k], the identification does not require the principal
ignorability assumption, and therefore the identification results for them remains unchanged.
Hence, the modified identification result for the cluster-specific treatment effect (AT E}, or

ATEg is:

E[pr(X)pr(X)]
Epn(X)]

which is a function of the user-specified value of the sensitivity parameter.

For the third step, the only additional term we need to estimate in the modified
1dentification result is the ratio in the third term, which we denote as % Y sens-
estimate this, we estimate the denominator E[p, (X )] using the same sample average of the doubly
robust estimator, E[py,(X)] = £ Y7, p"(O;). For the numerator E[py,(X)py,(X)], we use a
robust estimator from Kennedy (2023), which is the sample average
Blps (X)pe(X)] = L S0, G7°(X,), where

o5 (X;) = 2pp(X; )l(i’;l)) [1(K; = k) — pre(X;)] + [Pr(X;)]?. Combining the denominator and
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numerator, we have the estimator for the modified identification result as:

R . o N . o . :L:l quens(XZ)/n
Yare, (i) = ars, + diff — diffe "= =g 550

L5 [D1hnum(O5) — Popmum(O;) — diff S0 dses(X; .
_n =1 [¢1k, ( ) lgzso}’: A(dr ) k =1 ¢k ( )] + d|ka (16)
n 2~i=1 Pk (Oz)

We apply the developed bootstrap-based method to obtain a 95% interval for the effect estimate

zﬁ arg, (diffy) of each cluster under the sensitivity parameter.
Sensitivity Analysis for the Example

Implementing this sensitivity analysis method, we specified a range of values for the mean
difference sensitivity parameter diff;, based on a standardized mean difference, diff; /s, =
—0.3,—-0.1,0.1 and 0.3, where s, is the sample standard deviation of the outcome of the control
arm. Figure §4 shows the sensitivity analysis results.

From the results, the estimation results for the cluster-specific treatment effects in cluster
k = 1,2 were relatively insensitive to the deviations from the principal ignorability assumption,
because the estimates and intervals remained below zero. The estimation result for cluster £ = 3
was sensitive to the deviation from the principal ignorability assumption quantified by the mean
difference sensitivity parameter value diff;, = 0.3s,, because under this degree of deviation the
95% interval changed from covering zero to below zero; the result was insensitive to the other
degrees of deviation. Following similar interpretations of the sensitivity results, the estimation
results for cluster £ = 8,9, 10 were sensitive to the deviations quantified by the mean difference
sensitivity parameter value diff;, = —0.3s,, —0.1s,, as under this degree of deviation, the 95%
intervals changed from covering zero to above zero. For cluster £ = 11, 12, the estimation results
were sensitive to the deviation quantified by the mean difference sensitivity parameter value
diff;, = 0.3s,, as their 95% intervals changed from above zero to covering zero under this degree

of deviation; the results were insensitive to the other examined degrees of deviation.
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Figure S1

Bias for the Cluster-specific Treatment Effects
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Figure S2

Coverage Rate for the Cluster-specific Treatment Effects
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Figure S3

Mean Squared Error (MSE) for the Cluster-specific Treatment Effects
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Figure S4

Sensitivity Analysis for the Principal Ignorability Assumption (IA2) in the Empirical Example

ATE_cluster_1 ATE_cluster_2 ATE_cluster_3 ATE_cluster_4

-2 —_—

ATE_cluster_5 ATE_cluster_6 ATE_cluster_7 ATE_cluster_8

Estimated treatment effect
i
i

|
|
i
Lo
e
1
1
Ly
[ ] ]

ATE_cluster_9 ATE_cluster_10 ATE_cluster_11 ATE_cluster_12

70I.3 76.1 011 013 70I.3 76.1 011 013 fOI.S 76.1 011 013 70I.3 76.1 Ofl 073

Sensitivity parameter: Mean difference standardized

Note. For each cluster k (“ATE_cluster k), the plots show the estimate and 95% interval of the cluster-specific treat-
ment effect under varying degrees of deviation from the principal ignorability assumption specified by the sensitivity
parameter. The sensitivity parameter is diff;, = E[Y(0) | K(1) = k, X] — E[Y(0) | K(1) # k, X], which is the
conditional mean difference of the potential control outcome between cluster k£ and the other clusters. The varying
values of the sensitivity parameter are diffs /s, = —0.3, —0.1, 0.1, and 0.3, where s,, is the sample standard deviation

of the outcome of the control arm.



The robustness of the estimator

For notation simplicity, we omit subscript i for individual i here. In the estimator, we can

write the asymptotic bias of the denominator as: biasderominator — g [E[K =k|T=1X]-

pI(X) | X]] The (inner) conditional expectation is further written as E[pk X) - pIr(X) | X] =

(e X) - X)] [P X)—Pr X)]

 m )Pk -Pe(X)]
P (X) P

T (X)

— P (X), which (by rearranging terms) equals

Thus, the bias for the denominator is

biasdenominator =F [[ﬂt(X)—ﬁE(X)][pk(X)—ﬁk(X)]
T (X) ’

which is (asymptotically) 0 (i) if 7, (X) — 7T;(X) = 0, which would be achieved asymptotically
when 7;(X) is obtained with a correctly specified parametric model for the true treatment
probability m,(X), or (ii) if p (X) — P (X) = 0, which would be achieved asymptotically when
P (X) is obtained with a correctly specified parametric model for the true cluster assignment
probability p, (X), or if (iii) 7, (X) — T;(X) = 0 and p; (X) — Py (X) = 0, which would be
achieved asymptotically when 77;(X) and P, (X) are both obtained with the correctly specified
parametric models.

We further express the biases of the numerator of the estimator. Let ¢p; =

Pr(X)1(T=0)

1er=111ig= N A A T
E [w Y — iy, (X} + Hyll,k(x)?’gr(x)] and ¢ = E [ 1-7,(X)

T(X) {Y = Ay X} +

nylo(x);ﬁ;}r(x)]. The bias is then a combination of the biases of ¢; and ¢,. Below, we express
the two bias terms to show that either bias term is zero if two or three of the nuisance functions
are correct.

For the bias of ¢, the first term in ¢ is consistent for E [ = i}(l)g{ 9 {Y Ay, k(X)}]

E[E [1”:”/1\3(1;;(:]{} {Y — Ay k (X)} |IT=1,K= 1;X]] =E [nt(:\:ggoo {”yll,k X) - ﬁyll,k(x)}]- The



1r=13[1k=y— PR X)]
e (X)

second term in ¢, is consistent for E[ﬁyu,k (x)p,‘g‘r(x)] = E[E [ﬁyu,k X) [

o~ ~ X X)-pr(X —
FeOO| 1T = 1,K = 1,X[] = E [y, O[B4 57 )]

Thus, the bias term ¢; — E[ﬂyu,k X)px (X)] is consistent for E [ t(i)(pxk)(x) { Uyi1,6(X) —

(X)) [P (X)—Pr(X)]
e (X)

ﬁyu,k(x)} + Ay X) [ + ﬁ;(X)] — Y(l)l{K(1)=k}]. We further express it by

conditioning on the covariates, E[bias¢1 (X)], where bias®1(X) = nt(,)i)(pxk)(x) {n Hy1e(X) —

e (X) [P X)—Pr(X)]
e (X)

iy OO} + Ay (X0 | + Be(X)| = fy12,(X)Pic(X); by rearranging the terms,

My|1 kXD (X)—Ry|q, kX)X [ (X)—- 7Tt(X)]
7 (X)

we obtain: bias?1(X) =

Thus, the bias term ¢, — E[.uyll,k X)py (X)] = E[bias¢1(X)] is asymptotically 0, (i) if
the estimator of the treatment probability is correctly specified so that asymptotically . (X) —
:(X) = 0, or (ii) if the estimators of the cluster assignment probability and outcome mean are
correctly specified such that asymptotically fiyq x (X)Pg(X) — y)1, X)p (X) = 0, or (iii) if the

estimators of all of the three nuisance functions are correctly specified.

ﬁk(x)(l_”t(x)){ |O(X) _
y

Similarly, for the bias of ¢, the first term is consistent for E [ )
-t

XpeX)-prX)] | —~
Tt Pk Pk ]+pk(x)]]

yylo(X)}] and the second term is consistent for E [yym(X)[ 7,00

Thus, the bias term ¢, — E[,uylo(X)pk (X)] is expressed as E[bias¢0 (X)], where

X)(1-m¢(X) X [prX)-pr(X) —
bias®o(X) = %{Hylo(x) .“ylo(x)} + .“ylo(x)[nt pf X Pk ] + 0 X)] —

1

® {[1y10X) —

Hyi0 (X)px (X); by rearranging the terms, we have: bias®o(X) =

Ay X [Pr X0 (1 — 7. (X)) — pe (X (1 — 7,(X)] } + {10 X[, (X) — 7. X)] [P (X) —

s (X)

P (X1}



Thus, the bias term ¢g — E[yym(X)pk (X)] = E[bias¢0 (X)] is asymptotically 0, (i) if the
estimator of the outcome mean and treatment probability are correctly specified such that
asymptotically py,0(X) — flyo(X) = 0 and 7, (X) — 7,(X) = 0, or (ii) if the outcome mean and
cluster assignment probability are correctly specified such that asymptotically o (X) —
fly10(X) = 0 and p, (X) — P (X) = 0, or (iii) if the treatment probability and cluster assignment
probability are are correctly specified such that asymptotically 75 (X)(1 — 7, (X)) —

Pk (X)(l — i, (X)) = 0 and [7;(X) — A, (X)][pr(X) — P (X)] = 0, or (iv) if the estimators of all

of the three nuisance functions are correctly specified.
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