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S1 The Diffusion Decision model

This section gives further details of the DDM density and its approximation. Section S1.1
considers a simple version of DDM,; section S1.2 discusses the standard DDM; section S1.3
considers the required transformation for the random effects in the DDM; section S1.4

gives further details of the hierarchical DDM.

S1.1 A simple DDM

The simplest diffusion model assumes that the information accumulates continuously by
a Wiener diffusion process (Smith, 2000; Smith and Ratcliff, 2015). Let X (¢) be the “state
of evidence” at the time ¢. Figure S1 shows that the process begins accumulating evidence
at time ¢t = 0, with the initial evidence state X (0) = z lying in the range 0 < X (0) < a.
Information continues accumulating at the drift rate v until one of the two boundaries is
reached. The decision depends on the boundary reached; i.e., if the process reaches the
upper boundary first, response A is made. The sign of the drift rate v (the drift direction)
depends on the presented stimulus, i.e., when stimulus A is presented, the drift is positive
and the accumulating evidence state tends to increase with time, making it more likely to
terminate at the upper boundary and result in response A. Analogously, when stimulus
B is presented, the drift rate is negative, and the process tends to end up at the lower
boundary, resulting in response B. The drift rate’s magnitude is determined by the stimulus

discriminability. For example, in a lexical decision task, high frequency words correspond
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Response A

Response B

Figure S1: A simple diffusion decision model with constant drift v starts at z and termi-
nates as soon as it reaches one of the thresholds at a or 0, respectively. The figure is used
with permission from Experimental Psychology 2013; Vol. 60(6):385-402 ©2013 Hogrefe Pub-
lishing www.hogrefe.com https://doi.org/10.1027/1618-3169/a000218.

to high drift rates and low frequency words correspond to low drift rates. Hence, the drift
rate v is used to quantify “ease of processing” (Voss et al., 2004). Large values of drift rate
result in fast and accurate responses, whereas small drift rates produce slow and inaccurate
decisions.

The stochastic differential equation

dX (t) = vdt + sdW (t), (S1)

defines the accumulation process, where W (t) is a Brownian motion (Wiener process), v is
the drift rate and s is the standard deviation which determines the variability in the sample
paths of the process.

The diffusion model parameters are only identified up to a ratio; i.e., all the model
parameters can be multiplied by a constant without affecting the predictions. Hence, to
make the parameters estimable, one parameter needs to be fixed. It is common in practice
to fix s at s = 1 (see, e.g., Donkin et al., 2009, and references therein). The other parameters

are then expressed in units of infinitesimal standard deviation per unit time®.

S1.1.1 The Wiener first-passage time density

The observable model random variables are the choices c and the corresponding decision-

time t4 (the time it takes for the accumulator to reach a boundary). The joint density of

'Ratcliff (1978) fixes s = 0.1. The only difference is that the other parameters will all be 10 times smaller
than the size of the corresponding parameters if s = 1.
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the choice and the decision time is called the Wiener first-passage time density, denoted
WEFPT (¢, tq|v, a, z). Let f(t4]v,a,z) be the WFPT density ? describing the chance that the
diffusion process is absorbed at time ¢4 at the lower boundary.

Then,

f(talv,a,z) if c = “lower”,
WEPT(c, t4|v,a, z) =
f(tal —v,a,a — z) if ¢ = “upper”.
Feller (1968) provides two equivalent representations for the function f(t4|v, a, 2):

2 00 2 2
t k kem*t
fltalv, a,2) = % exp <—vz - v2d> E k sin (ZZZ) exp <— 27;2 d> ,

k=1

and

fitglv,a,z) = a exp (—vz - UQtd) i (E + 2k) exp (—(Z—FW) .
\/ﬁ 2 koo ¢ 2t

The former is called the “large-time” representation and the latter is called the “small-

time” representation. Their convergence rates depend on the value of the decision time

tq. The reason for referring to the two representations as large-time and small-time is that

fl(talv, a, 2) converges at a faster rate for large values of t;, whereas f*(t4|v,a, 2) has a

better rate of convergence with small values of ¢, (Navarro and Fuss, 2009).

S1.1.2 Approximating the Wiener first-passage time density:

In practice, it is crucial to approximate the WFPT density and evaluate the approximation
error. For recent reviews on how to evaluate the density accurately and efficiently, see
Foster and Singmann (2021) and references therein. Our work is based on the important
paper by Navarro and Fuss (2009) who propose an automatic rule to choose between the
two representations and to truncate the series such that the approximation error is less than
a predetermined accuracy level e. For mathematical convenience, we replace the starting

point z (0 < z < a) with the relative starting point w = z/a (0 < w < 1). Under the new

To be precise, f(ta|v,a, z) is not a density in the strict sense as [ f(ta|v, a, 2)dtq is often not equal to 1. For

0
simplicity, following Gondan et al. (2014); Navarro and Fuss (2009) and Foster and Singmann (2021), we will
refer to f(taq|v, a, z) as a density.
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parameterisation, the large-time representation density becomes

-z t k272t
ftapo,,) = ;; P (_mw B v2d> prt kein () exp <_ 27;2 d) '

Whenv =0anda =1,

k27r2td>

FH(tq]0,1,w) = WZkSin (kmw) exp <— 5

k=1
It is now straightforward to show that
t N k22t
1t B . ;
f <a2 ’ 0, 1,W> = W;k‘SIH (kmw) exp <_%¢2> :

and

1 U2td tq
fl(td|v,a,w) = 3 exp (—vaw — 2> ! <(12 |0,1,w |.

Analogously, we can factorise the small-time density similarly, that is,

1 1)2td td
fs(td|U,a,CU) = gexp <_an - 2> fs <CL2 | 07 17w )

where
1 > 2k)2
7 (ta] 0,1,0) = S (et 2k) exp (—(“’*)>
1/27Tt3 k=— 2t
d oo

In general, both the small-time and large-time densities, denoted by the function f(t4|v, a, z),

can be factorized as

1 2t t
f(tqlv,a,w) = 3 &XP (—vaw - 1)2d> f <a§ | 0, 1,w> .

The problem of approximating f(t4|v, a,w), a density with three parameters, now be-
comes a problem of estimating a density with a single parameter f(¢4|0,1,w).
Navarro and Fuss suggest the following rule to choose a suitable representation and to

truncate the infinite series.

[(k—=1)/2] 2
! S (w4 2k) exp <—M> i A(tg) < 0
\/27t3 k=—1(x=1)/2) 2ta
f(td\O, 1, w) ~
K 2.2
m > kexp <—]~C T td> sin (k7w) if A(tq) >0,
k=1
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where

—21 t
Ata) =2+ \/—Qtd log(2ev/2mly) — —2log(mtg€)

w2ty
and e is a predefined level of accuracy. The number of terms needed in the truncated series

is denoted by « and is determined by the following rule:

—2log(mtqge) 1
g Tw/ta) |

¢ large-time representation: x = [max{

¢ small-time representation: xk = [max {2 + v/ —2tglog(2ey/27ty), 1 + /T4 H ,

where [-] and |.] are the ceiling and floor functions, respectively.
Remark: In the simple DDM, we do not observe the decision-time ¢4, but the response

time RT =ty + 7. Hence, the simple DDM density is the WFPT density with t; = RT — 7.

S1.2 The standard diffusion decision model

The drawback with the simple model is that it cannot capture many important RT distribu-
tions observed from empirical data. To address this, Ratcliff (1978) extends the model by
assuming that the drift rate v, the starting point z and the non-decision time 7 can change
from trial to trial. More specifically, at each trial, the value of the drift rate v is assumed
to be drawn from a Normal distribution with mean v and variance sg. Independently, the
starting point z and the non-decision time 7 are drawn from uniform distributions centred
at z and 7, respectively. The width of the uniform distributions are s, (of the starting point)
and s, (of the non-decision time). With these assumptions, the density of the standard dif-

fusion model is defined as:

1 [e.e]
DDM(c, RT) = / WEPT(c, t4|v, a, 2) N (v|v, s2)dvdrdz,

S,Sr

with t; = RT — 7. Similarly to the WFPT density, the standard diffusion density has two
equivalent representations. Denote the large-time and the small-time representations of

the standard diffusion density by DDM! (¢, RT) and DDM?(c, RT'), respectively. Then, the
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densities are:

o
1 ™ U2td > k‘27T2td
DDM'("lower”, RT) = — —vz — —*% k -
("lower”, RT) e / 2 exp( vz 5 > Z exp 572
_ Sz 5T —00 k=1
FT T
. [ kmz 9
x sin [ — ) N(v|v, s3)dvdrdz
a
Sz
oy
1 / / ™ ( vy + 2vz — z253>
= ————exp | —
sesr J ) a?/1 4 tas 2(tgs2 +1)
=0T

2

> . [ 7Tkz w2kt
X ;k‘sm <a> exp <— 52 > drdz.

1 ‘ * % atf/2 v2ty
DDM?("lower”, RT') = / exp (—vz - >
SzSt V2T 2
zf%z 7—7% —00
oo
2ka)?
x ) (2 + 2k> exp (—(z +2td ) > N(v|v, s3)dvdrdz
k=—00
2+ 74+
1 L at;?’/2 < v? (v — z82)? >
= —_— X —_—— —_—m
281 J. 2m(1 + tgs2) 252 s2(1+tqs?)
2= 7L
oo
z (2 + 2ka)?
- 214:) ———— | d7d=z.
xkz (a—{— exp( %, TAZ
=—00

The integrals with respect to z and 7 are analytically intractable and must be approxi-

mated numerically using Gaussian quadrature.

S1.3 Transformations

The standard DDM has seven main parameters satisfying several constraints. The vari-
ability parameters s,, s., and s, are positive. The boundary separation must be greater
than the upper bound of the starting point, i.e., a > z + 0.5s,. The lower bound of the
starting point and the non-decision time must be greater than zero, i.e., 2 — 0.5s, > 0, and
7 — 0.5, > 0. The full hierarchical structure considered here allows all the parameters to

vary across subjects; hence, each subject has a vector of random effects,

n= (Ua Sv, @y 2,82, T, 37)'
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The correlation between the subject parameters is captured by using a multivariate Gaus-
sian with a full covariance matrix. To do so, we transform the subject parameters as fol-
lows, and denote the transformed parameters by

a = (a1, a2, a3, ay, a5, g, o), with

a1 = v,ay = log sy,
a3 =log(a— 2z —0.5s,), a4 =log(z — 0.5s,), a5 = log(s.), (52)

ag = log(T —0.5s;), a7 = log s;.

$1.3.1 Hierarchical DDM - Experiment 1

The transformations for the DDM in fitting the real data are discussed in Section 5.1. Each

subject has the following parameters

(U(hf), ’U(lf), U(vlf)’v(nw)’ S, a(speed)’ CL(acc.) Z(speecl)7 Z(CLCC'), P 37)

)

To capture the constraints on the DDM parameters, we apply the following transfor-

mations:
o = (ala Qg, 3, 04, s, g, 7, g, A9, (10, (11, 0412),
with
ar =0 ay =0l qg =0 qy = (W) qp = log sy,
ag = log(alspeed) — (speed) _ 0 55 ) oy = log(2(*Peed) — 0.5s.),

ag = log(al®e) — zlace) _0.55.), ag = log(2(?¢) —0.5s,),

alg = log(s,), a1 = log(t — 0.5s;), a2 = log s;.

$1.3.2 Simulation study for EAMs

To capture the natural constraints of the random effects n for simulation study discussed
in section S7 of the online supplement, we apply the following transformations. Denote

the transformed random effects by «, we have

a = (a1, a2, a3, a4, a5, a6, a7, 08, (),
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with
ar =M ay =0 a3 =0 a4 = log s,

as =log(a—z—0.5s;),as = log(z — 0.5s,), a7 = log(s.), (S3)

ag = log(T — 0.5s;), 9 = log s;.

S1.3.3 EAMs - real data

RegLBA We discuss the transformations applied for the RegLBA considered in Section 5.2.
The constraints on the random effects are: b > A and all parameters must be positive. To

capture these conditions, we apply the following transformations:

a1 =log(b— A),

ay =log(A),

2 g(A) )
a3 =g, 04 = Upy, 5 = U, Qg = Uy, U7 = Vg, g = Vg,

ag = logT.

Denote the transformed random effects by o = (a1, a2, a3, au, s, a6, a7, g, vg).

DDM We use the following transformations to enforce the constraints on the DDM pa-
rameters in the DDM discussed in Section 5.2. Let & = (a1, ag, a3, g, a5, a6, a7, ag) denote

the transformed parameters, with

a; =12 a0 =v,a3 = log s,,
ay =log(a—z—0.5s,),a5 = log(z — 0.5s,), ag = log(s.), (S5)

a7 = log(t —0.5s;), a8 = log s;.

S1.4 Hierarchical Diffusion Model

This section gives further details on the hierarchical DDM. Denote by p(y;;|c;) the density
of an EAM; the HEAM is specified as follows.

1. Conditional density:

plylon.s) = rjlpwj\aj),

nj
=1
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2. A multivariate normal distribution for the random effects

ind.

aj|ﬂom Ea ~ N(Hom Ea)

3. Priors for the model parameters

(a) Group-level mean po ~ N(pt,,, 3p).
(b) Group-level covariance X,.

i. Informative prior X4 ~ IW (kq, ¥) , with the hyperparameters k., = 20 and
v =1

ii. Marginally noninformative prior by Huang and Wand (2013)

1 1
Salat, ... ap, NIW(Da—i—l,\II),'II:éldiag(,...,),

a ap,
1
ai,...,ap, ~ 1G <2,1> .

Remark 2

The model specified in equation (1) in section 2.3 assumes the same transformations are
applied to the random effects and the model parameters. However, in practice, this is not
always the case. For example, Section 5 considers a real example in which many different
values of the drift rate can be modelled using just two parameters. This parsimonious pa-
rameterisation is crucial in obtaining reliable estimates as the sample size is small. Hence,
we will introduce several new notations so that the model specification is more flexible,
and hence allows various parameterisations. First, let w and 1) denote the set of model pa-
rameters with and without transformation, respectively. Similarly, we denote the natural
and transformed random effects by n and a.

The linking equation is

nj
1=

wij:£j+/6Xija forjzl,...,J,izl,...,nj,

(S6)

where §; denotes the random effects that take part in the linking equation. The transfor-
mation on the random effects is needed, as we want to use an unconstrained Gaussian
distribution to capture the correlation of the effects. Notice that it is £ ; and not «;, that

appears in the linking equation. The transformed model parameters w;; are needed as the
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right side of the linking equation has an unrestricted range. Equation (56) gives more mod-

elling flexibility and allows parsimonious parameterisations such as the one in Section 5.

S2 Variational Bayes

This section gives further details of the variational Bayes method. Subsection S2.1 dis-
cusses variance reduction using the reparameterisation trick. Subsection S2.2 discusses
the learning rates. Subsection 52.3 gives details for estimating EAMs. Subsection S2.4
discusses further details of the VB method for estimating a hierarchical DDM.

S2.1 The “reparameterisation trick”

The performance of stochastic gradient ascent depends greatly on the variance of the noisy
gradient estimate V;C(\)\) Its performance can be greatly improved by employing vari-
ance reduction methods. A popular variance reduction method is the so-called “reparame-
terisation trick” (Kingma and Welling, 2013; Rezende et al., 2014). If we can write 8 ~ g»(6)
as 0 = u(e; X), with € ~ f. not depending on A, then the lower bound and its gradient can

be written as the expectations

L(A) = Ey, [logp(y,u(e; X)) — log gx(u(e; N))],

VAL = By, | Vau(ei N) [V 106 p(0.6) ~ Tolozax(6)] | 7

By sampling € ~ f, it is straightforward to obtain the unbiased estimates of the lower

bound and its gradient

N
L0 1= 1 O [logply, u(e: ) ~ log ax(u(e: V)]
i=1
N
VALY = o [wu(e@; N) (Vologp(y, 6) = Vylogax(69))) ] (S8)

=1

withe® ~ f..,i=1,...,N. Weuse N = 10 in our applications.

S2.2 Learning rates and stopping rule
S2.21 ADADELTA

The elements of the vector A may need very different step sizes (learning rates) during the

search, to account for scale or the geometry of the space. We set the step sizes adaptively
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using the ADADELTA method (Zeiler, 2012), with different step sizes for each element of
A. Atiteration t + 1, the ith element \; of A is updated as

A =20 AN,

—

The step size A)\Z@ = pgt) g&?, where gg\tl_) denotes the ith component of V3£(A®)) and

2 \(t—1)
(.t) — \/E(A)”) +€
E(g3,)" +¢

)

where ¢ is a small positive constant, with

BE(A3)® = vB(A3) D 4+ (1 —o)(aP)?,

7

E(g3)" = vB(g}) ) + (1 — ) (g)%

(3

The ADADELTA default settings are { = 106, v = 0.95 with initialisation E(A3 )(©) :=

E (g?\i)(o) = 0. However, in our experiments, we use ¢ = 107 as we obtain better results.

S2.2.2 ADAM

Another popular choice for selecting the learning rate is ADAM (Kingma and Ba, 2014).
Recall that the vector variational parameters used in the variational densities considered
in this paper is A = (uy, Bx, dx). Notice also that, for notation simplicity, in this section we
shall omit the subscript indices, i.e., we use p instead of p. We first explain the updating
rule using ADAM method for the first component . ADAM requires several tuning pa-
rameters such as a stepsize o, and two exponential decay rates for the moment estimates
denoted by 3; and B5.> The ADAM algorithm for other variational parameters B and d is
performed in a similar manner. We fix 81 = 0.9, 82 = 0.99, and € = 10~. For the stepsizes,
we set the stepsize of p to be equal to 0.01, and choose the same stepsize of 0.001 for B and

d.

°In the paper, we do use a and 3 to denote the random and fixed effects when introducing the models.
However, as we are purely discussing the general optimization algorithm without being specific about any
model, the duplication in notation here should not cause any confusion.
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Algorithm S1 ADAM

1. Initialisation: select initial values: (¥ and set mgy = vy = 0.
2. While not convergence do:

1) t+t+1

—

(2) Calculate g; <+ V,L(AD)

(3) Update the biased first moment estimate
me = Pime—1 + (1= B1)g

(4) Correct the biased first moment estimate

myg

TATLtF
1-—p

(5) Update the biased second moment estimate
vy 4 Bove—1 + (1 — B2)gi
(6) Correct the biased second moment estimate
By < Ut
O 4 ——
1-p%
(7) Update parameters

(t)<_ (t_l)_a &
o R W ot e

S13



$2.2.3 Stopping rule

A popular criterion for the search algorithm is to stop when the moving average lower

bound estimate LB; = — Z L(A ( ) does not improve after k consecutive iterations
M j=t—m+1
(Tran et al., 2017). We find that the choice of m = 100 and k& = 50 works well in most cases.

S2.3 Implementing VB for approximating the EAMs

In Section 3.2.1 we introduce two VB classes. The first one, which we call VB 1, uses the

hybrid Gaussian VB is of the form
qx(01,3a) = N(81|py, BABy, + D3)IW(8s|v, ¥'),

where 8, = (a1.7, 8, pa, loga), v = 2Dy + J +1,and ¥’ = 57 (o — pa)(aj — pa) ' +

7=1
4 diag (al_l, . ,a]}i). The second class, called VB 2, is a special case of the first one in
the sense that that the random effects a1, . .., a; are further assumed to be conditionally

independent, i.e.,

<

A (01,%a) = (92’“J+17BJ+1BJ+1+DJ+1)IW2 lv, ® H aj|NjaBijT+D]2')a

where 0; = (av.7, %) with ¢ = (8, ta,log a). The best approximate distribution in terms
of minimizing the KL divergence is found by maximizing the lower bound £(\) with re-
spect to A. Starting from some initial value A9 the values of for A are updated iteratively
as

A — 2O PO VAE()‘(t))’ &

where p; is a vector of step sizes or learning rates, ® denotes the element-wise product of

two vectors, and VTE(\A) is an unbiased estimate of the gradient of Vy£(A). Dao et al.
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(2022) show the gradient of the lower bound with respect to the variational parameters is*

a8 = . [Favtc %o, e ()

p(01,y)p(62/61,y) ﬂ

= Ecg,)| Vau(e; AV, lo
(,02)_ au(€; A)Vo, g(q)\(01)p(92|91ay)

— Eieoy |Vau(e:N) (vel log p(y/61, 8) + Ve, log p(61, 6)

= F(c,0,) | Vau(€e; A\) Ve, log (

Ve, 1og a(81, 82) — Vo, log p(8:/61, y>)] .

To implement VB, we need to derive Vg, logp(y|61,62), Ve, logp(01,62), Ve, log gx(01)
and Vg, log p(62]61,y). We note that, because

Ec0,) | Ve, 108;10(92’917?4)] = Ee|:/v01p(0201’y)d92:| =0,

we can remove the term Vg, log p(02|61,y) from the calculation of Vx£(A). However, this
term also plays the role of a control variate and is useful in reducing the variance of the
gradient estimate in finite sample sizes (recall we use N = 10). We therefore include this

term in all the computations reported in the paper. The data-parameter joint density is

p(y7 a1.J, 57 Ha, Eav 10g a’) :N(B“’l’ﬁv Eﬂ)N(u’a“l’;u EM)IW(EQ|V7 ‘I’)X

Da J
111G (@al1/2,1) [Jayiogasl [ [ P(wjle) N (@)l e Sa)
d=1 j=1

where J,, 1054, = @4 is the Jacobian of the transformation.

$2.3.1 Deriving Vg, loggx(61,02)

VB1

Ong et al. (2018) show that Vg, log gx(01) = Vg, log N(61|px, BABy + D%) = —(BABy +
D3)71(61 — py). We then use the Woodbury formula (Petersen and Pedersen, 2012) to

*Here 0. represents .
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compute the inverse using
(BABx + D3)' = Dy? — D®Ba(I + By Dy2Bx) ' By Dy 2.

This is computationally efficient because it only requires finding the inverses of the diago-

nal matrix Dy and of (I + By Dy *By), which is a much smaller » x r matrix.
VB 2

J
ax(01) = N(62|p sy, Bry1B gy + D3yy) H N(oylp,, BjB] + D3),

Jj=1

Similar to VB 1, we have

Va, logga(01) = Va, log N(aj|uj,BjB]T+D]2-) = —(BijTntDjQ-)_l(aj—uj), forj=1,...,J;
and

Vi logqa(01) = Vylog N(|p sy 1, By By +D541) = —(BymaBr+D5 ) (p—pyy)-
Then, Vg, log gr(601) = (Va, logga(61), ..., Va, loggr(01), Vi loggr(61))

$2.3.2 Deriving Vg, logp(y|61,02)

The section derives the gradients required in the hybrid Gaussian VB for the new model.

First, we derive Vg, logp(y|01, 02).

0 0
——logp(y|61,02) = —— log p(y;|ej, B, X )

T
i=1
_i aaij T 0 1 (yij|ceij)
AN
& ([ oa; O, P N
— \0af o, | O g p(yisli;
~ (0% 9
- lo ila);
i=1 (8&5) 0, g p(Wis| ;)
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0
1,; denotes the model parameters in the natural scale. The derivatives ——p(y;;|1;;) for
ij

- Oavjj

LBA and DDM densities are given below. Note that o;; = a; + 83X, so % =1.
o
J

J
0 0
55 108 P(yl61.62) = > 55 o8P (W;le, B, X))

Jj=1
J nj

= ZZ logp yzy’am

To derive the derivative with respect to the matrix 3, we derive the derivative with respect

to its rows. Let 3, be the kth row in the coefficient matrix 3,k = 1,..., D,. We have

0 0 _ Oy
1 [e% 1 i | Qs il
8,@ og p(yijlou;) = Bevijoe og p(yij|aij) 8,

Dovijk

9B’

0 ~
— 1 ..
T og p(yij|ay)

where a;j.1,, . are the kth element of vectors a;; and «;, respectively. Since ayj;., =

ik
ok + Br X", we have —2=

ij 98, = X;; and therefore,

28T log p(yi;|cxij) Poia log p(yij|ei) X5

0 . .
6,3 10gp(y2]’az]) : = : 5

lo e 1 ) XL
_aﬁga gp(y’LJ| 74])_ _aaij;Da ng(ylj|al.7) Z_]-

and

J nj
0
logp y|01a02 ZZ%logp yz]|az])

7j=11i=1

0ﬂ

$2.3.2.1 LBA density

Brown and Heathcote (2008) show the LBA density (the joint density over response time

RT =t and response choice RE = c) is

LBA(c, t|b, A, v,5,7) = folt) x [[(1 = Fk(t))
k#c
where
b—A—(t— b—(t— ¢ 1
Fc(t) =1 f<l T)?) @(wl — WQ) ( ) T)U <I>(w1) + lqb(wl — w2) — 7¢(wl)



and

1
fe(t) = 7 [ @ (@1 —W2) + 56 (@1 —Wa) +v°@(@1) — s¢(@1)]
with w; = m, Wy = L, where ®(-) and ¢(-) denote the distribution func-
(t—r7)s (t—1)s

tion and density of the standard normal distribution, respectively. Hence,

9 oy Ofl) _ OFze(t)
o LBA(yjl|¢ij) = O, (1 — Fzc(t)) o, fe(t)
The partial derivatives of f.(t) with respect to W) are
aabe(t) = % [ — v°p(w — W) + s¢' (W1 — wa) + vep(w1) — sqb’(wl)} 85;)1;

aavcfc(t) = % [— O(w; —wa) + q)(wl)] + % [ — vep(wy — Wa) + s¢' (W1 — wa) + v (1)
— 8@1‘
st an)| S

Efc(t) = Z |:—UC¢(W1—LU2)+S¢)/(W1 —LUQ>:| (aail - 85?) +Z [chb(wl)—sgb’(wl) W

The partial derivatives of F.(t) with respect to 1° are:

>We omit the subscript i; for simplicity.
5We omit the subscript ij for simplicity.
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P = 300 o)+ A -

+;2 ¢’ (w1 —wa) — ¢’(w1)} % + [_ %q,(wl) b (tA— T)vc(b(w)aawbl];
%Fc(t) = % — O(w) —w2) + ¢(wg —wa)(b— A — (t — T)Uc)%jﬂ

+% (b— (t —7)0)®(@1) — (b— A — (t — 7)) B(wy — w2)]

— 72 —A—(t—7N°,,_ _ 0w
lACI’(Wl) — ¢(w1) %wl avi

0 +u;’% ce —bﬂi’(:@ (?vc;r)vc 0w 0w,
gre) =@ A $(@1 —@2) <ar - 8T>

o) - T @)

oo e (- ) - e

S$2.3.2.2 The DDM density

Deriving gradients of the diffusion density (large-time representation) From Section S1.2,

the density of the diffusion model (large-time representation) is

1 s v2tg + vz — 2282>
DDM! (“lower”, rt) = ————————ex (— ¢
( ) 5.5, a2+/1+ tdS% Q(tdsg +1)
2= -
o0
wkz k%t
X ;ksm <a) exp (— 5,2 ) drdz

Define the integrand as

2 2.2\ ® 2.2
! T vitg + 20z — 275 . ([ Tkz mk“tq
t4l0) = ——— - E k — - .
g 1) a?\/1+tys? P < 2(tgs? +1) prt e )P 2a?

We now derive the partial derivatives of the integrand with respect to v, s2, a, z, and 7. The

) Pu

partial derivatives with respect to z, s;, 7, and s,, as well as the transformed parameters

can then be derived straightforwardly using the chain rule.
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o ; tqv + 2
—g'(tal0) = —g'(ta0) | 5
5,9 (tdl6) 9(d|)[td8%+1]’
9 1 1 (z 4 vtq)* — ta(1 + tgs2)
63%9(d| ) 29(d| )|:2 (1+td5%)2 5
9 - V2 + 20z — 2282
l l d .
—q'(t4|0) = —g'(t4]0) - + ——— -
9q9 (talf) = —g (tal) + — td8%+1eXp< 2(tasu2 + 1) )

= (7kz w2 k%t wkz wkz  mk*ty
X Zk‘sm (a) exp (— 52 > (— 2 cot( . + e >>,

o, l 2 _ . T V2tg + 20z — 2252
—qg(tq4|0) = tq|0 |: B + ex - -
p:9 1l0) =0 ald) |4 |t e 1P\ 2t 4 D)

> . mkz 7r2k2td 7k mkz
X ;ksm <a exp (— 52 > ;cot (a) ,

0 V2 (tgs? + 1) — s20ty s2 20z — 2252
7gl(td|0) = gl(td|0) 3 2 QU + 2U - B UQ 812)
or 2(tgs2 +1) 2(tgs2 +1)  2(tgs2 +1)

3 2 2.2\ 21.2
T vitg + vz — 2 sv> 3 . <7rkz> ( w2k td>
+—————exp <— E’sin [ — |exp | — )
204 \/tqs2 + 1 2(tasy +1) ; a a?

Deriving gradients of the diffusion density (small-time representation) From Section 51.2,

the density of the diffusion model (small-time representation) is

—3/2 2 232
1 at v (v —zsy)
DDMS(“1 7 rt) = e S T 92 R
(“lower”, rt) exp < 252 * s2(1+ td$%)>

X ;: (2 + Qk) exp <_(z+2:<:a)2> drdz.

Define the integrand as

e}

—3/2 2 22 2
at v (v —zs3) z (z + 2ka)
i« (s Y S (R
9" (tal6) V21 (1 + tgs2) P < 252 s2(14tgs?) e P 2tq

We now derive the partial derivatives of the integrand with respect to v, s2, a, z, and 7. The
partial derivatives with respect to z, s., 7, and s;, as well as the transformed parameters

can then be derived straightforwardly using the chain rule.
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ty 02 z(v — z52)
(tal0) =g°(tal®) |~ 5t 57— a3
0 (06) = 8" 0l0) |~ 5y T

(14 2t4s2)(v — z82)?
2(1 4 tgs2)%st

9
052

v

— g°(t410)

tq v2
(tq|@) = ¢°(tq]0) | ————~ + =—

22(v — 282) (1 + tg8%)s2 + (1 + 2t4s2) (v — 252)?
2(1 + tasy)?s;, ’

9
0s2

v

— g°(tal0)

—-3/2 9 .
— — ¢ -
0°(1al6) = ¢°(14l6) - + ad)exp <_ v (vzs)>

9a a 27 (L + tys2 252 s2(1 + tgs?)
o z+ 2ka) 2tq + 2ka(z + 2ka)?
" k_E:oo eXp< > <_ a?tq ’
8 2 —v a ’U — 252)2
tq|@) = ¢°(tq|0
82’ (d’ ) g (d’ ) |: 2+1:| + 27T 1+td32 ( % 82 1+td32)>
z—|—2ka) ) <td— (z + 2ka) >
X ex

0 s s S%}(td's%; + 1) + (1} - 2512))2 3

attzg/2 ( v? N (v — 2zs2)? )
2m(1 4 t4s2) 252 s2(1+tgs2)

> /2 (2 4 2ka)?\ (z + 2ka)?
Z4+2 - .
% kzzoo <a + k) b < 2, ) 212

$2.3.3 Deriving Vg, logp(61,02)

From above, that 8; = (a.7, 3, pta, log a) and 05 = ¥, and

J Dq
p(ehz ) /3|/1'B72ﬁ H a]|ﬂaa a)N(ua|uu>2u)Iw(2a|V7 ‘I’) HIG(ad|ada/8d) ‘Jad—ﬂogad ;
j:]. d=1
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hence,

J
log p(61,X0) = log N(B‘Nﬁa ¥p) + Z log N(evj|ppas o) + 10gN(Na|Np,a 3,) +10gIW(Za|v, ¥)
j=1
Dq
+> (10g1G(aalaa, fa) +log aa)
d=1
1 1<
= —5(B—1p) " 35" (B mg) — 5 D (o — pa) 'S (@ — o)
j=1
1 Ty—1 v 1 -1
- 5(#’0& - My,) 2;1, (MOL - “u) + 5 Iogdet(‘IJ) - 5 trace(‘IlEa )
Da 3
+ Z {—(ad +1)logay — Bd log ad} + constant.
d=1 ad

Hence,

0
—logp(01,%a) = -2 (0 — pa),

oo
1og (01, 5e) = ——log N $.) = _x-! _
8gvec og p(61, ) ?ﬁvec 0g (Bvec‘p’ﬁv B) J¢] (ﬂvec /1'[3) )
5. 10gp(01,%a) = 3 T (@ — pa) = By e,
Ha j=1
2—1
logp(01,X) = v og + Ba + uaw,ford =1,...,D,.
dlogay 2 ag aq
log p(62161,y) = 0.
8ﬁVeC

$2.3.4 Deriving Vg, logp(02|61,y)

Obviously Vg, logp(02]01,y) = Vg, logp(Eal01,y) = Ve, logIW(Z4|v, ). We now

have
1
logIW(Zq|v, ¥') = %logdet(\Il’) -5 trace(¥'S 1) + constant.
” J
x5 logdet Z(aj — pa)(oy — pa) ' +4diag (a7’ ... ,agi)
j=1
1 J
—5 trace (@ — pa)(0y — pa) " + 4diag (al_l, e ,agi) =t
7=1
Hence,
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ﬁ log TW (Sav, ¥') = (y ()~ 2—1) () — o), forj =1,...,J,

oo a
9B logp(02|61,y) =0,

S 108 W (Zaly, &) = (zat-vien™) 3 (@~ )

Fioga 105 W(Salv, ) = =2 (v (#)71) 4 (331),,) ford =1, D

S24 VB for DDM

We now consider VB for the DDM. Dao et al. (2022) consider LBA models having the same

hierarchical structure and show that the posterior distribution can be factored as

plar.g, pa, Bas aly) = p(ai.g, pa, aly)p(Zalair.g, pa, a,y),

where p(Eq|a1.7, Bas @, y) is the density of IW (X, |v, ¥') with v = 2D, + J + 1and ¥’ =
Z}I:l(aj — pa)(0j — pa) T +4diag (a7, .,ap) ). Denote 6; = (pq, log a). To exploit the
structure of the posterior distribution, Dao et al. (2022) propose the Hybrid Gaussian VB

of the form
ax(.s,01,5a) = N(eu.y, 01|y, BABS + D3)IW(Zqa|v, ¥).

The LBA likelihood is equal to 0 if the observed response time RT is less than the non-
decision time 7. Hence, the support’ of the posterior density should not cover any regions
where the likelihood is 0. However, the proposed Hybrid Gaussian VB does not capture
this important feature. Instead, due to the tractability and simplicity of LBA density, Dao
et al. handles the issue by numerically truncating the likelihood (set extreme values equal
to some predetermined threshold). Compared to LBA models, DDM is more mathemati-
cally intractable, hence a better approach is needed. We improve the variational density to
tackle the irregularity issue of the diffusion density as follows. Given the data for subject j,
the lower limit of the non-decision time L, := 7; — % must be smaller than any observed

response time, i.e.,

St; . . .
Ly, :==T1j — 7] < minRTj := ie{ﬁr,l}.r,lnj} RT;;, forallj=1,...,J. (510)

"The support of a density is understood as a region where the density is positive. The rigorous definition
is omitted as it requires more advanced mathematical concepts which are beyond the scope of this paper.
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Because these extra constraints in equation (S10) only arise after the data becomes avail-
able, they are not captured in the transformed random effects a;. (see section S1.3 of the

online supplement), meaning that the choice
ga(ar.y,01) = N(au.;,01|py, BABY + DY)

is now unsuitable. To derive a better parametric form for ¢ (a1.7, 61), we need to introduce
some new transformations on the non-decision time parameters. Instead of using as =

log(7; — 0.5s,), we replace it with the new transformation

S min RT; — (7; — 0.5s7,)
a6 =08 (r; — 0.55,,) '

Notice that we only need to change the transformation on the non-decision time param-
eters (ag), with all the other transformations unchanged. The new transformed random
effects, denoted by &., are now unrestricted, so a multivariate Gaussian approximation

can be used.

ga(é1.7,01) = N(&1.7,01|p, BBT + D?).

A better choice for gy (.7, 01) is the one induced from gy (.7, 601), i.e

ax(@1.5,01) = N (Ty(@r), 611, BBT + D?) |J5, |

where

B 80@ 6 min RT}
) Gyﬁe‘ H aaj 6 H e®¢ — min RT;’

is the Jacobian of the function transforming éy = (&1.7,01) to 0 = (1.7, 01). To see this,

note that
B min RT] — (Tj — 0.587-.) min RT., — %46 )
Oéj;6210g< (7 = 055 ) J = log efjj;b‘ ,forj=1,...,J.
J 7
We obtain
0dji6 min RT;

= J forj=1,...,J.
8041';6 %6 — min RTj’ J ’ ’
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S3 Particle Metropolis within Gibbs (PMwG)

This section gives further details of the PMwG algorithm. Let 8 be all the model param-
eters, except the random effects, ie., & = (8, o, X, a). For convenience, we denote
by 6_g all the model parameters except 3, i.e.,, 0_g = (pa, Xa,a). We similarly define
0_,.,0_x.,and 6_,. With the model structure and the choice of prior distribution intro-
duced in Section 2.3, the full conditional densities of pq, X, and a (hyperparameters) are
known, hence sampling from these distributions is straightforward. However, the full con-
ditional densities p(c;|0,y;),j = 1,...,J, and p(B|ai.7,0_g,y) are unavailable in closed
form, so sampling directly from them is difficult.

Algorithm S2 is the PMwG sampler for estimating the EAMs with covariates. The
algorithm starts by initialising the values for 6, 3, and random effects o;.;. The sampler
then runs for a predetermined number of iterations Tj.,. In each iteration, we sequentially
sample the group-level parameters p (Step 2a), £ (Step 2b) and the hyperparameters
a (Step 2c) using Gibbs step conditional on the selected particles af ; from the previous
iteration. In Step 2d, R — 1 new particles are generated using the conditional MC method
given in algorithm S3 in section S3. Note that we keep the particles a® ; fixed and set the
first set of particles al ; = af ;. The conditional MC algorithm gives the particles o}
and the normalised weights ij, forj =1,...,Jandr = 1,..., R. Step 2e samples the
new index vector k = (k1,...,ks) and the random effects are selected according to the

index vector k, i.e., we discard the rest of the particles agz_Jk)

and only keep a¥ ;. Similar
steps (2f and 2g) are applied to sample 3. The PMwG sampler in Algorithm S2 is for the
hierarchical EAM with covariates. When there are no covariates, steps (2f) and (2g) can be

omitted.

S$3.1 Conditional Monte Carlo Algorithm

This section presents the conditional Monte Carlo (CMC) algorithm used in the PMwG
algorithm. The CMC is required to sample the random effects «y.; (Algorithm S3) and the
parameter 8 (Algorithm S4).

S$3.2 Proposal distributions and tuning parameters

The efficiency of the PMwG sampler depends on a careful choice of the proposal densities
mj (Y, pos Xa),j = 1,...,J for the random effects and m(B,..|y;, e;),j = 1,...,J

for the parameters 3. This section discusses how we select and tune these distributions.
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Algorithm S2 Particle Metropolis within Gibbs (PMwG) for the hierarchical EAM with
covariates

1. Initialisation: select initial values for .z, 8 and set ajl- = a?j .3 = @Fs.
2. Fort=1,..., Tier:
(a) Sample pqo|k, ¥ ;,0_,.,y from N(fz, ), where
_ I
=33t a |,
j=1
S =z e
(b) Sample X, |k, oz’f:J7 0_sx. from IW(k,, B, ), where

ko =va+Dg—1+J,

B, =2v,diag (a;l,...,afl) + >
J

Ik k;
:1(04]-” — ua)(aj] — e
(c) Sample a4|k, ak ;,0_,, from IG(a, 3), where

Vo + Dq
2 ’ 1
B: Ua(zgl)dd—}—ﬁ,ford:1,...,Da.
d

(d) Sample a;* using Algorithm S3 in section S3 of the online supplement

(e) Sample the index vector k = (k1,. .., k) with probability given by
.
P(ky=1,.... ks =ljlo.s, B, o Ba) = [[ W7
j=1

(f) Sample 3 —ka using Algorithm S4 in section S3 of the online supplement
(g) Sample the index kg with probability given by

P(k‘ﬁ = l|a1:J,B, Ko Ea) = W[li
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Algorithm S3 Conditional Monte Carlo for sampling a;. s

Require: proposal densities m;(aly;, Xj, B, pa, Xa),j = 1,...,J.

1. Fixall) = a'¥).

2. Forj=1,...,J

¢ Sample R — 1 particles ay), r = 2,...,R from the proposal
m](a]|y]7 vaﬁa Mo Za)
¢ Compute the weights

(r) (r)
o, ’X' (o 33 a,ztx
W(T):p(yﬂ j 16 J)p( j |I"l’ )’ fOI"I":].,---7R~

’ m](a_gT)|y]7Xjaﬁvuaaza)

¢ Normalize the weights

(r)
W
Wj(r)— RJ ,forr=1,...,R
(r)
7§IWj

Algorithm S4 Conditional Monte Carlo for sampling 8

Require: proposal density m(8|y, ai.7, X).
1. Fix sV = gks.

2. Sample R — 1 particles B r =2 ... Rfrom the proposal m(B|y, a1.7, X).

3. Compute the weights
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As recommended by Gunawan et al., the proposal densities are adaptively improved over
time. At the first stage, the proposal density for subject j at iteration ¢ is chosen to be a
mixture of the prior N(a;|pa®, ¥+®) and a normal distribution centred on the previous

sample for the random effect, N(agtfl), eZg)), ie.,
mj(eyly . X, 8. pra Ba) = wN (ajle’ ™V, X)) + (1 = w)N ey s 28).

The scale parameter € (0 < € < 1) is used to control the “step-size” and is determined by
trial-and-error. The scale parameter should be small when the number of random effects
is large. We set e = 0.5. Wall et al. (2021) set e = 0.1 for estimating a hierarchical LBA with
110 subjects, each having 30 random effects. Similarly, the proposal density for sampling
B is the mixture of a Gaussian distribution centred at the previous draw 3¢~1 with the
block diagonal covariance matrix Xy having D, blocks with the matrix (X X )~! on each

diagonal block and the prior

M(Byecl¥s 1.7, X) = N (Byec Blac 1 €20) + (1 — )N (Byec 1, 2p).

After the burn-in and initial adaptation stages, at iteration t(t > Tyyrn + Tyudapt), more
efficient proposal densities for subject j are obtained by first approximating the joint pos-
terior distribution p(aj, e, Yo, B|y) by fitting a multivariate Gaussian distribution using

the draws from the adaptation stage {agi), fa®, ., B @) }i:Tb o From this multivari-
ate Gaussian, we obtain the conditional distribution of a; given ;u;; = ,ug), Yo = 25}?, 8=
B and y, which we denote by N (1, by ;). The process of updating better proposal distri-
butions can be done at each iteration. However, for computational efficiency, we update
new proposals after every 20 iterations and stop updating when the proposal distributions
stablise (after 5,000 iterations).

The proposal density for subject j is taken as a’ mixture of the conditional distribution

N(f1;,%;), the Gaussian distribution centred at the previous draws with the covariance

matrix 3 ; and the prior group-level distribution for the random effects, N( ,ug), 28? ),

m;(ayly;, X, B, Bas Za) = wiN(aylit;, ) + waN(aylad”, 3) + wsN (o |ul), 20).
(S11)
We set w; = 0.65, wp = 0.3 and w3 = 0.05. Following Hesterberg (1995), including the
prior density p(oj|pta, Xa) in Equation (S11) with small weight ws = 0.05 ensures that the

importance weights are bounded. We put a larger weight w; = 0.65 on the most efficient
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proposal N (e, 3};), and a smaller weight wy = 0.3 for the random walk type proposal.
More efficient proposal distributions for 3 are obtained similarly. Since the full condi-
t—1

tional density p(8|y, a1.7,0-8) = p(Bly, a1.5), we use {a(l?,, B(i)} _— to fit a multi-
' 1=Thum+

variate Gaussian. From the fitted Gaussian, obtain the conditional distribution of 3 given

ag = agt:?] and y, which we denote by N (gig, f)g) The better proposal density for 3

is now taken to be the mixture of the conditional distribution N (zig, by 3), the Gaussian

distribution centred at the previous draws with the covariance matrix s 3 and the prior,

PPN ) S
m(ﬁvec|yv a1.J, X) = wlN(6|p’ﬂv Eﬁ) + w2N(/3vec|16\(/tec )7 25) + W3N(/6vec|/1',@7 2,3)

Again, we set w; = 0.65, wy = 0.3 and w3 = 0.05.

S4 Integrated Autocorrelation Time (IACT)

The integrated autocorrelated time (IACT) for a scalar parameter 6 is defined as (Liu and Liu,

2001)

IACTy :=1+2> pjo,
j=1

where p; ¢ is the correlation of the iterates of 6 in the MCMC after the chain has converged.
The IACTy measures the inefficiency of the sampling scheme with respect to that parame-
ter and can be interpreted as follows: if the IACTy = 100, then we need 100 times as many
iterates as an independent scheme to obtain the same variance of the estimator. Hence, the
larger the value of the IACTy, the poorer the performance.
We estimate IACTy based on M MCMC iterates 91, ..., 1M1 (after convergence) as
Ly
m@,M =1+2 Zﬁj,e,

j=1
where p; 4 is the estimate of pjg, Ly = min(1000,L) and L = minj<p |pje| < 2/VM
because 1/v/M is approximately the standard error of the autocorrelation estimates when

the series is white noise.

S5 Initialisation Methods

The selection of starting values for the experiment in Section 3.3 for the DDM using the

domain knowledge is now discussed.
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1. First, we initialise p, (the mean of 1) in the natural scale: v(") ~ U(-3, —2), 0™ ~
U(1,2),0 ~ U(5,6),s, ~ U(0,2),a ~ U(0.5,2),z2 = a/2,s. ~ U(0,0.5),5, ~
U(0,0.1), and 7 = minRT + 0.5s; + 0.1u, where u ~ U(0,0.1) and minRT is the
smallest observed response time in the sample. To obtain p,, apply the transforma-

tions defined in Equation (S3) on these values.

We now explain how domain knowledge is used in specifying implausible regions
for each parameter. Assuming the upper boundary of the diffusion process corre-
sponds to correct responses, it is reasonable to expect, under ‘hard” conditions, sub-
jects tend to make incorrect decisions, hence, the drift rate v is expected to be neg-
ative. For a similar reason, the drift rate under ‘easy’ conditions v(¢) is expected to be
positive and is greater than the drift rate under ‘medium’ conditions v("™). The plau-
sible intervals for the variability parameters s,, s, s-, and the boundary separation
a are chosen based on the typical range (see “rtdists” R package). We set z = a/2 to
exclude bias. Finally, the non-decision time 7 is chosen such as the upper bound for
non-decision time L, := 7 — %T must be greater than any observed response time in
the data, hence 7 = min RT + 0.5s, + 0.1u, where the term 0.1u is added to represent

some random noise.

2. Next, we initialise p; (means of the random random effects) by sampling from a prior
given the chosen value of the group-level mean p, and the group-level covariance
which is set to be a diagonal matrix with the diagonal elements equal 0.1, i.e., sample

af ~ N(pa,0.11),j =1,...,J and set p; = (af,...,a} ).

3. Finally, we set p3 (the mean of the coefficients 3) and p, (the mean of loga) to be

Zeros.
S6 Simulation study for DDM
The true values in the simulation study (both settings) are given by

po = (3.31,2.12,1.33, —2.17, —0.48, —0.29, —1.07, —0.28, —1.19, —1.28, —1.52),

diag(Ee) = (1.44,0.62,0.41,0.72,0.38,0.13,0.09,0.2,0.11,0.15, 0.08, 0.19).

We provide the true values for the group-level mean and variances. The true values for the

covariances are available upon request. Note that the same true values are used in both
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simulation settings (J = 12 and J = 50).

S7 Simulation study for DDM with regressors

S7.1 Data simulation

We study the performance of the proposed methods using simulation. The data is simu-
lated from the DDM with neural covariates. There are 20 subjects, each subject performs
600 trials under three conditions (‘easy ’, ‘medium ’, and ‘hard ’; there are 200 trials for
each condition). In each trial, 5 neural covariates are independently drawn from a Normal
distribution with mean 0 and standard deviation 0.001. The fixed-effect coefficients are
generated independently from a Normal distribution with mean 0 and standard deviation

2,ie., Bij ~ N(0,2%),fori=1,...,Da;j=1,...,d.

024 346 296 —071 0.03 |
1.1 —216 3.03 -0.19 0.1
0.7 —055 —1.88 22  0.03
0.72 036 —0.37 —3.93 —0.02
B=1] 18 302 -22 —-29 0.13
—3.85 321 242 204 0.12
0.52 —3.68 —3.25 —2.84 0.02
1.83 325 021 —1.21 —0.02
0.03 026 —291 -3.17 —0.12

Finally, the group-level parameters j1, and X, are chosen as follows.

o = (0.65,1.63,3.53,0.09, —0.41, —0.46, —0.59, —1.21, —2.14),

diag(Ze) = (0.24,1.39, 3.83,0.26,0.13,0.19, 0.18, 0.03, 0.45).

We provide the true values for the group-level mean and variances. The true values for

the covariances are available upon request.

S7.2 Model specification

We consider fitting the DDM having the mixture form (2) with the weight w = 0.0001.

Note that the true data generating process is DDM with no contaminant reaction times
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(W = 0). To capture the trial difficulty, different values for the drift rate means are con-
sidered: v(M (drift rate mean under the hard condition), v(" (drift rate mean under the
moderate condition), and v(®) (drift rate mean under the easy condition). The remaining

model parameters are held constant over all conditions. Each subject has 9 random effects
n = (U(h)a U(m)v,u(e)’ Svy Uy 2,82, T, 57’)'

To capture the natural constraints of the random effects 1, we apply proper transfor-
mations® and denote the transformed random effects by a. For demonstration purposes,

we link all diffusion parameters to the neural covariates.

S7.3 Results

The performance of the PMwG sampler is assessed based on the IACT estimates (effi-
ciency) and the true parameter recovery (accuracy). Tables S1 and S2 show the IACT esti-
mates for the fixed-effect coefficients and the group-level parameters, respectively. Overall,

the PMwG sampling scheme is efficient as most of the IACT estimates are small.

IACT IACT IACT IACT IACT
P11 | 1.01 | Bia | 1.00 | B3| 1.03 || f1a | 1.00 | B15 | 1.04
Bor | 1.00 | Baz | 1.03 || Bog | 1.02 || Bos | 1.02 || Ba5 | 1.03
B31 | 1.03 || Bso | 1.00 | Bsz | 1.02 || B34 | 1.02 || B35 | 1.02
Bar | 1.02 || Bag | 1.00 | Bag | 1.02 || Bag | 1.02 || Bys5 | 1.01
Bsi | 1.02 | Bsa | 1.05 | Bss | 1.01 || Bsa | 1.04 || Bs5 | 1.02
Ber | 1.01 || Bs2 | 1.00 | Bes | 1.04 || Bea | 1.00 || Bgs | 1.01
Br1 | 1.00 || Bra | 1.02 | Brz | 1.01 || Bra | 1.02 | B75 | 1.04
Bsi | 111 | Bsa | 112 || Bss | 1.03 || Bsa | 1.04 || Bs5 | 1.06
Bor | 1.03 || Boa | 1.03 | Bog | 1.00 || Bos | 1.01 || Bgs | 1.01

Table S1: IACT estimates of the fixed effect coefficients 3 using the PMwG draws.

8The transformations are in Section 51.3.2.
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Parameter | IACT || Parameter | IACT
Py 3.33 Yol 5.28
Koo 1.78 Yoo 2.27
Pas 2.19 a3 3.11
[P 8.03 Yau 7.99
Pas 14.31 Yoas 14.99
Kot 7.25 Yas 6.88
Koy 11.29 Yot 14.42
Pasg 2.20 Yas 2.14
Pog 2.80 o9 343

Table S2: IACT estimates for the group-level mean p, and variances (diagonal of X)
using the PMwG draws.

Figures S2 and S3 display the marginal posterior densities estimated by the PMwG
sampler of the fixed-effect coefficients 3 and the group-level parameters, respectively. The

figures show that the true values (represented by vertical lines) are recovered accurately.
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Figure S2: Posterior marginal densities of 3 estimated from PMwG (blue) and the true
values indicated by the black vertical lines.
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Figure S3: Posterior marginal densities estimated from PMwG of the group-level mean i
(top panels) and variance diag(X4) (bottom panels); the true values represented by the
black vertical lines.

We now study the performance of the VB approximations. The overall accuracy is as-
sessed by comparing the posterior means and the posterior standard deviations, estimated
by PMwG and VB, of all the model parameters and the subject parameters as shown in
Figure S4. The main benefit of using VB is its computational efficiency, which is shown
in Table S3. VB is 14 times faster than PMwG, and requires much less computational re-

sources.
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Figure S4: Comparing the means and standard deviations of the marginal posterior distri-
butions estimated by VB (horizontal axis) against the exact values calculated using PMwG
(vertical axis). The top panels show the means and standard deviations of the group-level
parameters. The bottom panels show the means and standard deviations of the random

effects.

Running time | Number of
Method
(hour:minute) | cpu-cores
PMwG 41:47 48
VB 3:05 8

Table S3: A comparison between PMwG and VB in terms of running time and computa-
tional resources in the simulation study.

S8 Simulating predicted data from EAMs

This section discusses how to simulate predicted data from a RegEAM and estimate the

predictive posterior distributions for the summary statistics considered in Section 5.2. Sup-

pose we obtain draws {agt:?], B, pe®, 2,0 }L | from the posterior p(a1., B, o, Zaly, X)

by using PMwG. For each posterior draw, we simulate the predicted data according to the

model and calculate the summary statistics. Algorithm S5 gives a step-by-step explana-

tion.
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Algorithm S5 Predicted data simulation for EAMs

1. Input: posterior draws {agt:?],,@(t), e, oY~ ple.s, B, e, Saly, X).
2. Fort=1,...,T:
(a) Generate predicted data for subject j(j = 1,...,J) as

g = (RTY) REY) ~ plyylal), & = a4+ 80X, fori=1,...,n;.

ij 1

(®)

(b) From the predicted data {RTU ,RE; RE )}, we calculate the summary statistics.

i. The median response time statistics corresponding to stimulus type

S = s (s € {“same”, “mirror”}) and rotation condition £ = e (e €
{0,45,90,135,180}), denoted by M, S‘Q , is calculated as follows.

- 1
s(fe jZMsfj )

Jj=1

s [

where Med({U}) denotes the sample median of a set U, and E-T/Eije)) rep-
resents all the predicted response time data of subject j from the trials in
which the stimulus type S = s and the rotation condition E' = e.

with

ii. The mean accuracy statistics corresponding to stimulus type S = s (s €
{“same”, “mirror”}) and rotation condition F = e (e € {0, 45,90, 135,180}),

denoted by Ps(fe), is calculated as follows.
1

P{I =52 wl?,
j:l

where pg 7) is the proportion of correct response of subject j calculated

based on trials with stimulus type S = s and rotation condition £ = e.

3. Construct the box-plot of the summary statistics based on the predicted values
[ P2}
t=1
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S9 Further results

This section represents further estimation results of the simulated and real data.

$9.1 Simulation Study

Parameter IACT Parameter IACT
J=12 | J =50 J=12 | J =50
Ko 3.56 1.19 Yai1 3.82 1.79
Koo 4.04 1.34 Yoo 4.72 2.04
Has 3.15 1.23 a3 3.33 1.83
Koy 3.65 1.13 Yas 3.86 1.41
Has 3.47 3.85 Yas 4.24 5.37
Hag 4.55 1.93 a6 4.95 1.89
Kot 10.95 4.59 Ya7 4.90 4.39
Hasg 2.63 1.70 Yas 2.85 1.78
Koy 8.06 3.14 a9 5.02 3.09
Hato 69.28 | 16.05 Ya10 33.43 9.12
Hail 2.89 1.08 Y11 3.14 1.18
Kot 343 1.12 Yai12 3.30 1.23

Table S4: The efficiency (IACT) of the group-level means and variances estimated using
the PMwG sampler. J is the number of participants.
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S9.2 Dataset2

Figure S8 and S10 show the kernel density estimates of the group-level mean g, from
the LBA and DDM model, respectively. VB captures relatively well the marginal poste-
rior distributions of the group-level mean, except for some components in the LBA. For
other group-level parameters as well as the random effects, we assess the accuracy of VB
by comparing the mean and standard deviations as shown in figures S9 (LBA) and S11
(DDM). Overall, VB can approximate the posterior means relatively precisely. In terms of
computational efficiency, table S5 displays the running time of the two methods. Again,

VB is about 10 times faster than PMwG when estimating both models.
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Figure S8: LBA - Kernel density estimates of marginal posterior densities of the group level
means estimated using PMwG and VB.
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Figure S9: LBA - Comparing the means and standard deviations of the marginal posterior
distributions estimated by VB (horizontal axis) against the exact values calculated using
PMwG (vertical axis) for the simulation study with J = 50 subjects. The top panels give
the means and standard deviations of the group-level parameters. The bottom panels
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Figure S12: Comparing the estimates of posterior predictive summary statistics for the
LBA model using two methods: PMwG (represented by red vertical bars) and VBL (rep-
resented by yellow vertical bars), against the observed data (represented by blue dots).
Within each vertical bar, the upper and lower tails, along with the dot in between, repre-
sent the 2.5%, 97.5%, and 50% quantiles of the predictive distribution, respectively. The top
panels show the posterior predictive mean accuracy, while the bottom panels show median
RT. Left panels correspond to the 0-back conditions while the right panels correspond to
the 2-back conditions.

LBA | DDM

PMwG | 1:15 | 30:56
VB 0:07 | 5:58

Table S5: Mental Rotation. A comparison between PMwG and VB in terms of running time
(hour:minute).

S9.3 Dataset3

Figure S12 compares the posterior predictive distribution obtained from LBA (without co-
variates) with the observed data. Figure S13 compares the posterior predictive distribution
obtained from DDM (without covariates) with the one obtained from LBA (without covari-
ates). The (marginal) posterior distributions of the coefficients of the covariates for the LBA

are shown in Figure S14.
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conditions.
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Figure S14: HCP 0-back and 2-back data. Posterior distribution of the coefficients 3 esti-
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the dot in between, represent the 2.5%, 97.5%, and 50% quantiles of the posterior distribu-
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shows the posterior distribution of all the coefficients of MMSE. The second top left panel
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