Supplementary Material

[bookmark: When_Success_Stops_Producing_More_Descen]When Success Stops Producing More Descendants: Behavioral Return, Fitness Return, and the Parity-Specific Decoupling Behind Below-Replacement Fertility
[bookmark: X171c0ddbae155820ebf464284c0aaadae298765]This Supplementary Material contains the technical material omitted from the Appendix to preserve readability. It uses the same notation. Unless otherwise stated, parity-transition probabilities used to construct population-level completed cohort fertility refer to the female cohort. Parallel sex-specific equations may be estimated for men, but male transition probabilities are not substituted directly into the female-cohort CFR identity.
[bookmark: Xf02eae7a497883e20f47e99972531c44257ec2c]S1. Tail-sum parity identity and the three-parity feasibility bound
Let  be a nonnegative integer-valued completed-family-size variable. Since

taking expectations gives the tail-sum identity

Let

Repeated conditioning yields

and hence

Retaining births through parity three gives

Solving  for  gives

Because ,

Thus, whenever ,

The nontrivial feasibility condition in the three-parity approximation is therefore

Equivalently,

If this condition fails, parity three cannot by itself restore replacement at the observed  and . Higher parities may still contribute in the full distribution, but the low values of , , or both remain part of the demographic shortfall.
[bookmark: X6915823250702c84ea9b8987a5f3212507f06ba]S2. Adoption dynamics, stability, bistability, and hysteresis
Consider the reduced-form adoption dynamic, with  denoting the adjustment-rate parameter:

The equilibria are

and, when it lies in ,

Let

At the lower boundary,

so  is locally stable when  and unstable when . At the upper boundary,

so  is locally stable when  and unstable when .
At the interior equilibrium, the factor  is zero, so

Therefore the interior equilibrium is stable when  and unstable when .
[bookmark: s2.1.-self-limiting-adoption]S2.1. Self-limiting adoption
If

then both boundary equilibria are unstable and the interior equilibrium is stable. Adoption grows when rare but its advantage declines with prevalence, producing an interior long-run frequency.
[bookmark: X40436598e2715c86d395e6c4befd80dc8adc229]S2.2. Bistability and entry-ticket dynamics
If

then both boundary equilibria are stable and the interior equilibrium is unstable. The threshold

separates the basins of attraction. Below it, adoption moves toward zero; above it, adoption moves toward one.
[bookmark: s2.3.-hysteresis-under-parameter-change]S2.3. Hysteresis under parameter change
A rare practice has positive first-order invasion growth when

At the knife-edge , the boundary is nonhyperbolic and higher-order behavior depends on .
A near-saturated practice is robustly driven downward when

At the knife-edge , the upper boundary is nonhyperbolic; when , any downward perturbation from saturation continues to decline.
For , the interval

is therefore bistable. A practice has negative first-order growth when rare, yet it can remain stable once common. If a policy changes only , moving it from positive to slightly negative, adoption may remain near saturation. Reversal requires either

or a shock that moves . The equality  is a nonhyperbolic boundary case; with positive frequency dependence, the upper equilibrium is one-sided unstable because any downward perturbation moves away from saturation. Thus entry and exit conditions differ. No hysteresis follows automatically when  or bistability is absent. The dynamic describes diffusion conditional on introduction; innovation, independent reconstruction, and exogenous introduction are not modeled in this block.
[bookmark: Xea1588e2d62e26e9b2a697c63552777ad5d15bd]S3. Composite practice packages, parity distributions, and cultural selection
Let  index mutually exclusive joint configurations of the non-mutually exclusive practices represented by . Each package  induces parity-transition probabilities  and therefore a completed-family-size distribution.
Let  denote the cultural frequency of package , with the package frequencies summing to one:

Let  denote the enactment level of practice  in package . For binary practices,   {0,1}; for graded practices,  is measured on a prespecified practice-specific scale held fixed across comparisons. The package-frequency-weighted marginal practice measure is therefore


For a binary practice,  is prevalence; for a graded practice, it is mean enactment intensity on that scale. A graded measure is normalized to  only when linked to the unit-interval adoption dynamic in S2. Blocks S2 and S3 are complementary reduced-form representations, not a closed joint dynamical system unless package-frequency dynamics are constrained to reproduce the marginal  equations.
For ,

For ,

The distribution is proper when

which rules out positive probability of an infinite completed family size. In finite empirical applications, the upper tail may instead be represented by an absorbing terminal parity category.
Let  be its socially legible behavioral return and  its delayed fitness return, where  is generated by the induced parity distribution and descendant consequences. As in the Appendix,  is scalarized as direct-line descendant output at the specified evaluation horizon. Unless otherwise stated, all means, variances, covariances, correlations, and expectations in S3 are calculated using the package-frequency weights . Define

Assuming  and , define standardized returns

[bookmark: s3.1.-local-linear-transmission-weights]S3.1. Local linear transmission weights
Let

Package frequencies update according to

Because the standardized scores are centered,

Holding package-level  fixed over the updating step, the Price/Robertson selection component (Price, 1970; Robertson, 1966) is

If package-level returns also change between updating steps, the full Price decomposition is

Here  is the within-package change over the updating step. The second term captures changes due to shifting institutions, support, competition, or payoffs; the main Box holds  fixed.
Using

gives

For the bROI-rewarding case considered here, . In the limiting case , the sign of the selection component follows the sign of . More generally, it is negative when , positive when this quantity is positive, and zero when it is zero. The linear form is a local approximation and requires  for every package in the comparison set.
[bookmark: s3.2.-positive-exponential-weights]S3.2. Positive exponential weights
A globally positive alternative is

The exact Price term remains

For weak transmission selection,

which recovers the local linear result to first order.
[bookmark: X862531f962b6fd4e6a2e7e2c0f05214e68844c2]S3.3. Scale-free and scale-dependent coupling
The scale-free measure is

A scale-dependent regression coefficient is

when . Use  for scale-free comparisons and  when substantive units are fixed. A near-zero  need not imply independence: nonlinear or offsetting subgroup-specific associations may remain. A single value of  characterizes coupling within the specified package distribution and comparison set; it does not establish decoupling, which requires a prespecified comparison of the bROI–fROI mapping across historical periods or institutional regimes.
The cultural parameter  describes the extent to which delayed descendant outcomes enter cultural persistence or social endorsement. It is not a parameter of biological natural selection. Biological differential reproduction and cultural transmission may act simultaneously and in opposite directions. Because  is defined at the evaluation horizon, this parameter represents responsiveness only to reproductive or lineage information available by the updating step, not access to future descendant number.
[bookmark: X15caf71c46652db9332aa8e36116f001acddd13]S4. Quantity-quality derivations and variable-budget extension
This stylized benchmark assumes equal per-child allocation and additive expected descendant contributions. Child-specific investments, birth-order effects, sex composition, and sibling interactions are omitted but can be incorporated in richer extensions.
Suppressing package subscripts, for  let

and set . The continuous elasticity results below apply when  > 0, > 0, and  is differentiable at the relevant . With fixed , 

Therefore

where

Reducing  increases  locally only when

For integer family sizes of two or more children, the exact comparison is ; the elasticity condition above is its continuous local approximation.
Equivalently,

If  is bounded above, this condition cannot hold for all : global elasticity above one would imply growth faster than proportional and hence an unbounded . Compensation must therefore be local, with threshold-like or otherwise sufficiently steep segments of the response function being the most plausible regions. If  and  is globally concave, then . Reducing quantity therefore cannot increase fROI: at , the quantity loss is exactly offset, whereas at , fROI declines.
[bookmark: X57106d25ed9d06d4d7dee7d369f3ac42e8db492]S4.1. Effective budget responding to family size and support
Let the effective budget depend on family size and support ecology,

and define the elasticity of the effective budget with respect to family size, holding the support ecology fixed, as

Since , with S held fixed throughout this subsection,

Hence

Reducing family size raises fROI locally only when

The fixed-budget result is the special case . If a more scalable support configuration or institutional transfers cause the effective budget to rise with family size, , the compensation requirement becomes more demanding because additional children dilute per-child investment less sharply. The substantive test remains whether quality-mediated gains in later descendant reproduction more than offset the descendant-number loss from lower parity.
[bookmark: s5.-full-ideal-updating-extension]The quantity-quality block is written in absolute descendant-output units. Relative fROI arises when the package-level values  generated by these distributions are compared or reweighted across competing packages in S3.
S5. Full ideal-updating extension
Let  index successive birth cohorts; in empirical analogues, it may instead index ordered period or regime observations. Let  be the reported family-size ideal for cohort ,  a direct preference anchor,  a descriptive-norm signal, and  a prestige-, media-, success-, or injunctive normative signal. All four quantities must be measured on a common scale, such as desired number of children or a standardized family-size target.
Let the observed parity distribution be

and define

For completed birth cohorts, choose  large enough that  is observable before the update from  to . The case  is admissible only for contemporaneous period or regime indexes using an already observable reference population.
The updating equation is

with

Special cases include:
· (1) Frozen ideal: all adjustment weights are negligible over the observation window.
· (2) Direct preference change:  and  changes, even if .
· (3) Descriptive-norm updating:  and  changes with the observed parity distribution.
· (4) Prestige- or media-mediated updating:  and salient models change without waiting for the aggregate parity distribution to shift.
Substituting the reported ideal into the parity equation from the Appendix and holding other terms fixed gives

Thus   represents a reduced-form demand-side association between reported ideals and parity progression; it is analytically distinct from bROI/fROI decoupling.
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