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Appendix A

First-Order Autoregressive Structure Among Latent State Residual Variables
Steyer and Schmitt (1994) were among the first to propose the inclusion of an autoregres-
sive structure in LST models to capture stability beyond what can be accounted for by a
common trait factor. Cole, Martin, and Steiger (2005) examined the meaning of autore-
gressive structures in LST models in detail and noted that it is often appropriate to include
autoregressive effects between latent state residual variables to model short-term stability
or carry-over effects in these models. In a similar vein, Bollen and Curran (2004) presented
so-called autoregressive latent trajectory (ALT) models that include autoregressive paths
between observed variables in single-indicator LGC models. Murphy et al. (2011) recently
studied the meaning of autocorrelations in the SGM.

A first-order autoregressive structure implies a time-dependence among adjacent la-
tent state residuals, with an additional unpredictable error component §;:

Gt = Bit—1)C—1) + 0, (A1)

where (3;;_1) is a real constant and the d; variables have a mean of zero and are uncorrelated
with each other as well as with all other latent and error variables in the model. Given that
we assume a first-order autoregressive structure, the notation for the regression coefficient
may be simplified by defining:

Be = Bip-1)- (A.2)

We illustrate a first-order autoregressive structure graphically for the SGM in Figure A1A,
the GSGM in Figure A1B, and the ISGM in Figure A1C.

Including first-order autoregressive effects among the latent state residual variables
relaxes the assumption that all of the across-time stability is entirely due to the trait and
trait-change process. Instead, part of the (short-term) stability can now be captured by
the autoregressive effects, accounting for the fact that adjacent measurements are often
more highly correlated than measurements that are further apart in time. In practical
applications, it is often common to assume time-invariance of the autoregressive effect.
This means that 8; = 85 = [ is often assumed to hold for all s, t.
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Figure A1. LST Models with First-order Autoregressive Structure Among Latent State
Residual Variables A: SGM Post-Transformation with a First-order Autoregressive Struc-
ture among Latent State Residual Factors. B: GSGM Post-transformation with a First-
order Autoregressive State Residual Structure. C: ISGM Post-transformation with First-
order Autoregressive State Residual Structure.
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Appendix B
Mean and Covariance Structure in the SGM, GSGM, and ISGM

SGM Mean and Covariance Structure
The combined equations for the SGM are given in Equation (13). Recognizing that

we set apy = 0 and Ay = 1 = 1 to define the metric of the latent factors, it is sufficient to
work with only the final line of these equations. This is given by:

Yit = aig + Nie&ing + Nie (8 — 1) &in + NieCe + €3t (B.1)
Mean Structure. We derive the mean structure by substituting Equation (B.1)

into the expected value, and simplifying this expression according to the algebraic rules for

expected values as follows.

E(Yi) = FE (a4 Nig&ing + Xie (0 — 1) &in + XitG + €it)
= F(ai) +E Nitine) + E (Nie (8 = 1) &in) + £ (Nt ) + E (€ir)
Qi 0 0

= it + A\t B (&) + Nit (t — 1) B (&in) -

Covariance Structure. First, we expand the covariance by substituting Equation
(B.1) into the covariance operator for Y and Yjs:

it + Xit&int + it (= 1) Ein + NieCe + €at,
cov (Yy,Yis) = cov ! )
(i Yia) ( ajs + Ajs€int + Ajs (5 — 1) €in + AjsCs + &5s

Next, we expand using rules of covariance algebra (e.g., Kenny, 1979). This yields

cov (Yir,Yis) = cov (i, Njs (&int + (s — 1) &in) + NjsCs +€js) +
0
cov (it (&ine + (8 — 1) &in) + XieGe + €its 0yjs) +
0

)\zt (glnt + (t

oy < Ajs (&int + (5 —

_ )\zt (glnt + (t
o < )\]S (glnt + (5

1) &in) + XieCe + €its
éhn + )\jsCs + €js

)
)

1) &lin) + NitCe + €t )
) )

\_/\/ \_/\_/

fhn + )\jSCS + 8]’3

The first two terms are zero because of the covariance rule cov (k, X) = 0 where k is a
constant. Next, we decompose the covariance according to covariance addition rules. In

this step, we separate the error terms ;; and €.
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cov (}/Z'ta Yjs)

Azt glnt + (t - 1) fhn> + )\ztct + Eity
)‘] é-ll’lt + (5 - 1) ghn) + )\]SCS + €js ’

)\ §1nt + (t - 1) ghn) + )\tht + €it,
js Emt ‘|' S — 1) ghn) + )\]SCS
cov ()\z glnt + (t - 1) glln) + )\tht + €4t 5]5) 5

zt glnt + t - 1) fhn) + )\tht + Eit,
]s fmt ‘|‘ S — 1) ghn) + >\]8Cs

Ccov ()\z fmt + (t - 1) §l1n) 5js) +
cov ()\ztcta 5]5 + cov (5zt7 5]5)7

7,t glnt + t - 1) ghn) + )\thta +
js glnt ‘|‘ s — 1) fhn) + >\]s<s

cov (EZ Ajs (it + (5 — 1) &in)) +
(it (Gint + (£ = 1) &in) 5 €5s) +
(

(

+

+

Cov
COV \E&it, jSCS +COV( itCt, 5js)+

cov (€it, €js) -

The subsequent step focuses on expanding the first covariance term, the covariance between
the latent trait and state residual components.

cov (Yit, Yis)

cov

cov

cov

cov

Ccov

cov

cov

(Ait (Gint + (= 1) &in) 5 AjsCs) +

( it (fmt + (t - 1) £hn) ) )‘js (fint + (3 - 1) glin)) +
(NitGe> NjsCs) +

(git, Ajs (Eint + (5 — 1) &in)) +

(it (Gint + (£ — 1) &in) 5 €5s) +

(€its AjsCs) + cov (NG, €js) +

(its €js) -

The second term in this expression, which represents the covariance among the latent trait

variables is now expanded. At the same time, the constant terms Xy, Ajs, (¢

—1), and

(s — 1) can be moved outside the covariance expression according to the rule cov (k- X,Y) =

k-cov(X,Y).
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cov (Y, Yis) = AiAjscov (&g + (£ — 1) &in) 5 Cs) +
[(s = 1) + (t = 1)] cov (&int, &in) +
AitAjs (t—1)(s—1)var (&) + +
var (ing)
AitAjs cov (G, Cs) +
Ajs cov (€, (&int + (s — 1) &in)) +
Ait €oV ((§int + (t — 1) &in) 5 €5s) +
Ajs €ov (€it, Cs) + it cov (G, €5s) +

cov (€, €js) -

Finally, this expression is simplified because for this model, the following restrictions apply

cov (&it, Gt)

cov (&it, €it) = 0 foralli, j,s,t, (B.2)
cov ((t, €4t)
_ var (¢;) whent = s,
cov (G Gs) = { 0 otherwise, (B-3)

var (¢;+) wheni = j,t = s,
cov (€it, €js) = { é g otherwise.

The resulting general covariance equation is thus:

(s = 1) + (t = )] cov (&int, &lin) +
cov (Yir, Yis) = Nithjs (t—1)(s—1)var (&) + +
var (&int)
AitAjs cov (Cis Cs) +
cov (€t €js) -

Note that the final two terms are zero except as given in Equations (B.3) and (B.4).

GSGM Mean and Covariance Structure

The combined equations for the GSGM are given in Equation (18). Recognizing that
we set ay; = 0 and Ay = 714 = 1, it is sufficient to work with only the final line of these
equations. Thus, the general equation for Yj; is given by

Yie = air + Nitkint + Nie (8 — 1) &in + 7ieCe + €4t (B.5)

Mean Structure. We derive the mean structure by substituting Equation (B.5)
into the expected value operator, and simplifying this expression according to the algebraic
rules for expected values as follows.
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E(Yit) = E (it + Xitking + it (6 — 1) &in + vieCe + €it)
= FE(ai) +E Nitding) + £ (N (t = 1) &in) + £ (70ee) + E (€it)
Qg 0 0

= i+ AN (&ine) + Aie (= 1) E (&in) -

Note that this is equivalent to the mean structure for the SGM, since neither the latent
state residual variable (; nor the corresponding loading ;; appears in the final simplified
equation.

Covariance Structure. We now derive the covariance structure in a similar way
to the SGM. First, we expand the covariance by substituting the above for Yj; and Yj,:

ait + Nitint + Ait (8 — 1) &in + it G + €4t >

cov (Yy,Yis) = cov
(Yie, V) ( s + Ajséint + Ajs (8 — 1) &in + 75sCs + s

Next, we expand according to the rules of covariance algebra. This yields

cov (}/;h Y} ) = Cov (aitv )‘js (éint + (S - 1) glin) + /ijCS + 5js) +
0
cov (Ait (&ine + (t — 1) &in) + vieGe + €4t js) +
0
it (it + (£ — 1
cov ( )\js (é.int + (5 —1
it ( (t—
( (s —

- it (&int + 1
= cov
N

5 lin
glin
5 lin
5 lin

+ Vit Gt + €it
+ 'YjSCs + €js

+ vitCe + €it,
+ 'Yjsgs + €js )

—_ —  ~— —

{int + 1

The first two terms are zero because of the covariance rule cov (k, X) = 0 where k is a
constant. Next, we decompose the covariance according to the rules of covariance addition.
In this step, we separate the error terms e;; and €.
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cov (YLt ) Y]S)

= COoVv

= COoVv

= cov ( Njs (&int + (5 — 1) &Gin) + 75sCs )

Ait (§int + (t = 1) &in) + 7itCe + it
>\]s (fint + (5 - 1) flin) + 'YjsCs + Ejs ’
Azt (glnt + (t - 1) Shn) + %tCt + Eity +
]S (glnt + (5 - 1) ghn) + 'YJSCS

cov (Az (glnt + (t - 1) 511n> + ’thct + €4, 5]8) ,

¢
Ait (int + (8 — 1) &in) + Vit G + €t n

it (ine + (= 1) &in) + YieCe
v ( Ajs (€nt + (5 = 1) &in) + 75sCs ) "
cov (&it, Ajs (&int + (s — 1) &lin)) +
cov (/\zt (fint + (t — 1) flin) 8]‘5) +
cov (€it, 7jsCs) + cov (Vite, €js) +
(

cov (&it, €js) -

The subsequent step focuses on expanding the first covariance term, the covariance between
the latent trait and state residual components.

cov (Yit, Yis)

cov (At (§int + (= 1) &in) , 7jsCs) +
cov (it (§ine + (8 — 1) &in) Ajs (it + (s — 1) &iin)) +
cov (itGt, VisCs) +

cov (€it, Ajs (&t + (s — 1) &Gin)) +

cov (it (&ine + (t = 1) &Gin) » €js) +

cov (€it, VjsCs) + cov (VitCt, €5s) +

cov (€it, €js) -

The second term in this expression, which represents the covariance among the latent
trait variables is now expanded. At the same time, the constant terms Mg, Ajs, Vit, Vjss
(t—1), and (s — 1) can be moved outside the covariance expression according to the rule
cov(k-X,Y)=k- cov(X,Y).
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cov (Yih ijs) = )\it'}’js cov (Sint + (t - 1) €11n7 Cs) +
[(S - 1) + (t - 1)] cov (ginta glin) +
AitAjs (t—=1) (s — 1) var (&n) + +
var (&int)

YitVjs cov (G, Cs) +

Ajs cov (it (&int + (5 — 1) &in)) +
Ait oV ((&ing + (t — 1) &in) 5js) +
Yjs cov (€, Cs) + Vit cov (G, €5s) +
cov (&, €js) -

Finally, this expression is simplified because of the restrictions for this model, which are
listed in Equations (B.2), (B.3), and (B.4). The resulting general covariance equation for
the GSGM is thus:

[(s = 1) + (t = 1)] cov (&int, &in) +
cov (Y, Yis) = AitAjs (t—1)(s—1)var (&) + +
var (gint)
YitVjs cov (G, Cs) +
cov (git, €js) -

As before, the final two terms of this equation are zero except as given in Equations
(B.3) and (B.4).

ISGM Mean and Covariance Structure

The combined equations for the ISGM are given in Equation (23). Recognizing that
we set 1 = 1 to define the metric of each (;, it is sufficient to work with only the final line
of these equations. Thus, the general equation for Yj; is given by:

Yit = g + &int, + (8 — 1) &in, + 76t + €t (B.6)

Mean Structure. We now derive the covariance structure in a similar way to the
SGM and GSGM. First, Equation (B.6) is substituted into the expected value operator, and
simplifying this expression according to the algebraic rules for expected values as follows.

E(Yy) = E(oit+&int, + (t— 1) &in, + 7t + €it)
= E(ay)+E (&) + E((t = 1) &in,) + E (v Ce) + E (i)
Qg 0 0
= it + E (&ing;) + (= 1) E (&in, ) -
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Covariance Structure. The covariance structure for the ISGM is derived in a like
manner by substituting Equation (B.6) for Yj; and Y}, in the covariance operator:

int; + (t — 1) &in, + it + €4t
cov (Y, Y, = cov ' g .
( g ]8) ( éintj + (5 - 1) élinj + ’7js<s + €js

Next, we expand according to the covariance algebra rule cov (X,Y + Z) = cov (X,Y) +
cov (X, Z) . This is used to separate the error terms e;; and €.

(&int; + (£ = 1) &in,) + it Gt + €t
cov (Yi,Yjs) = cov ( (&ntj +(s— 1)§1inj) T sCs + s ) )
~ cov ( (&int; + (= 1) Gin;) + Yit Gt + €t ) N

(&ntj +(s—1) §linj> + 7¥jsCs
cov ((&int; + (8 = 1) &in,) + YieCe + €its €4s) 5
(&nt, + (t — 1) &iin, ) + Vit Gt + €its
- ( <§intj +(s—1) €1inj) + 7vjsCs ) *
&int; + (= 1) §iny» €5s) +
YitCes €js) + €OV (€it, €js)
B fmtz (t = 1) &in,) + VitCes
1ntJ 1)§1inj) + 7jsCs )
cov (5it7 (&ntj +(s—1) flinj» +
cov ((&int, + (£ — 1) &iin,) 5 €5s) +
cov (€it, VjsGs) + cov (Vitl, €5s) +
cov (€it, €js) -

cov

—~

cov

The subsequent step focuses on expanding the first covariance term, the covariance between
the latent trait and state residual components.

cov (Yi,Yjs) = cov (&int, + (¢ — 1) &Giny» VjsCs) +
cov (flnt + (t = 1) &tiny» &int; + (s —1) fhnj>
cov (7itCt, VjsCs) +
cov (i, Gnty + (5 = 1) &y ) +
cov (&int; + (¢ — 1) &riny» €5s) +
cov (€it, VjsCs) + cov (Vitle, €5s) +
(

cov (€it, €js) -

The second term in this expression, which represents the covariance among the latent trait
variables is now expanded. At the same time, the constant terms v, 75, (t —1), and
(s — 1) can be moved outside the covariance expression according to the rule cov (k- X,Y) =
k-cov(X,Y).

11
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cov (Yit, Yis) = 7jscov (&int; + (¢ — 1) &ins Cs) +
(t—1)cov (fintj, flini) +
(s —1)cov <§intia §1inj) +
(t—1)(s—1)cov <§1ini,fhnj) +
cov <§imi, €intj)
Vit Vjs €OV (Gts Cs) +
cov (f-:it, i, + (s — 1) §1mj) +
cov (&int; + (t — 1) &liny» €5s) +
Yjs €OV (€ity Cs) + it cov (Gt, €5s) +
cov (€, €js) -

Finally, this expression is simplified because for this model, the following restrictions apply:

cov (E’itv CS) = cov (gib €j8) = cov (Csv eit) = 07

for all 7, j, s, and t. The resulting general covariance equation is thus:

(t —1)cov <§intj, flini) +
(s —1)cov <€inti7 €1inj) +
(t=1)(s—1)cov (flin“fnnj) -
cov (£intia &ntj)
YitVjs cov (Cts Cs) +
cov (€, €js) -

cov (Yit, Yis)

As before, the final two terms of this equation are zero except as given in Equations (B.3)
and (B.4).

Autoregressive (AR) Models

In all three instances, the derivation of the autoregressive (AR) model begins where
the corresponding non-AR model left off. This is accomplished by substituting the quantity
BtCt—1 + 6t wherever (; appears. Recall that 8;_1) is a real constant and the d; variables
have a mean of zero and are uncorrelated with each other as well as with all other latent
and error variables in the model. Thus, the mean structure for the AR-model is identical
in each case to the mean structure for the non-AR model.

It is not possible to explicitly re-write the equations for the covariance structure
because the autoregressive substitution is recursive. Nevertheless, this substitution and
expansion may be done for any specific case in which ¢t and s are known. See Appendix
E, where we illustrate this expansion for the specific case of two indicators, i = {1,2} and
three time points, t = {1, 2, 3}.
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The restrictions for the AR model are slightly different than those of the non-AR
model. For the AR model, the following restrictions apply:

cov (é‘itv Cs)
cov (&it, €5s)
cov (Cta 5]‘5)
cov (¢, Cs)
cov (&it, 0s)
cov (g, 0s)

= 0 foralli,j,s,t, (B.7)

var (1) whent=s=1,
(6

cov (¢, 05) = var (6;) whent =s# 1, (B.8)
0 otherwise,
var (¢;4) wheni = j,t =s,
cov (€, €js) = { (g g otherwise. (B.9)

Summary

The mean and covariance structure for the three models is summarized in Table B1.

Table B1
Mean and Covariance Equations for Non-Autoregressive SGM, GSGM, and ISGM Models
Mean and Covariance Structure

SGM, non-AR
Mean FE (Y; ) = it + it E (&int) + it (¢ — 1) E (&1in)
Covariance cov (Y,‘t, Y]S) = )\z‘t/\js [(S — 1) + (t — 1)} cov (fint; §lin) +
)\it>\js (t — 1) (S — 1) var (fhn) +
it Ajs var (&ine) +
)\itAjs cov (Ctv CS) +
cov (&it, €js)
GSGM, non-AR
Mean E (Y; ) = it + NitE (int) + it (¢ — 1) E (&in)
Covariance cov (Y;t, YJS) = AitAjs [(S —-1)+ (t — 1)} cov (fint, &lin) +
XitAjs (t = 1) (s — 1) var (&in) +
it Ajs var (&ing)+
YitVjs cov (Ces Cs) +
cov (€it, €js)
ISGM, non-AR
Mean E(Yy) = E(Yu)=E )+ (t—1)E (in,)
Covariance cov (Yi, Y]S) = (t—1)cov (fintj, §lini> +

(

(s —1)cov (fint“ flinj) +
(t=1)(s—1)cov (flini7flinj) +
cov (ginti, gintj) +

YitVjs cov (Ct, Cs) +
cov (€it, €js)
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Appendix C
Proportionality Constraint

The proportionality constraint refers to an implicit constraint on the ratio of general to
specific variance that is present in the SGM, but not the GSGM or ISGM. The ratio of
general to specific variance for the first time point (¢ = 1) was given in the main text, while
this ratio for the general case (for an arbitrary number of time points) is given below.
Note that even for the general case, only the ratio for the SGM is subject to the so-called
proportionality constraint.

General to Specific Variance Ratio for the SGM

We begin with the decomposition of variance for an observed variable, var (Y;), in
the SGM, which is given by (the general mean and covariance equations for all three models
are derived in Appendix B):

var (Yig) = A2 var (€ )+(t — 1) A2 var (&in)+2 (£ — 1) A2 cov (int, &in )+ var (G)+var (5) -

(C.1)
For any two indicators Y;; and Y, at the same time point ¢, the variance ratio is constrained
to be identical:

)‘zzt var (gint) + (t B 1)2 )\z2t var (glin) +2 (t B 1) Ath Ccov (éinb élin)

A% var (G)
g var (&) + (- 1)? 22, var (&in) + 2 (t — 1) A2, cov (€int, Eiin) (C2)
B A3, var (Cr) '
_ var (Eint) + (t - 1) var (ghn) + 2 (t - 1) cov (glnta ghn)
var (Ct)

General to Specific Variance Ratio for the GSGM

In the GSGM, the variance decomposition is given by:

var (Vi) = )\%t var (&ing)+(t — 1) Zt var (§1in)+2 (t — 1) )\lt cov (&int, 611n)+’yzt var (¢)+var (g5¢) ,
(C.3)

and the ratio of general to specific variance is given by

A2 var () + (8 — 1)2 M2 var (€in) + 2 (t — 1) A cov (Sint, Etin)
Vi var (Cr)

A2 var (&) + (£ — 1)* A2, var (&un) + 2 (£ — 1) A2, cov (&int, &in)
’Ygzt var (G¢)

for indicator 1,

for indicator j(C.4)

The ratio of these variances is not constrained.
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General to Specific Variance Ratio for the ISGM

We now consider the general variance equation for the ISGM:

var (Yit) = var (§int,) + (¢ — 1)2 var (&in,) + 2 (t — 1) cov (&nt, s Elin,) + 72 var (&) + var (4)
(C.5)

which leads to the following ratio of general to specific variance:
var (ginti) + (t - 1)2 var (glini) +2 (t - 1) cov (fintia glini) (C 6)

Vit var (Gr)

Obviously, the ISGM also does not impose a proportionality constraint because in general,
the state residual loadings 7;; in the denominator can be estimated freely for all indicators®.

Note that there are specific identification conditions in certain designs that may preclude the state
residual () loadings from being freely estimated in the GSGM and ISGM. For example, designs with only
2 indicators per time point would not allow the state residual () loadings to be freely estimated unless (1)
a significant autoregresive process is present and estimated for the state residual factors or (2) each state
residual factor is significantly related to at least one external variable.

15
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Appendix D
Degrees of Freedom in the SGM, GSGM, and ISGM

The degrees of freedom (df) of a model is an important consideration when choosing or
comparing models; df is important when choosing a model because insufficient df may
result in model non-identification; df is also important when comparing models since it
provides the context within which fit statistics are interpreted (for more detail see e.g.,
Walker, 1940).

For simplicity, we compare the df for the restricted case in which latent state residuals
are assumed to be uncorrelated, and all conditions of MI are met for all models (i.e., that
all loadings and intercepts are time-invariant). The df for this situation represented as an
algebraic function of the input parameters (m and n) are shown in general in Table D3,
and for specific numeric values (of m and n) in Table D1. The derivation of the formulas in
Table D3 is based on the known and estimated parameters given in Table D2. The technical
details for this derivation are given below. Examining these tables reveals that for a given
set of variables the SGM has the most df, followed by the GSGM, and finally the ISGM.

Computing df
The degrees of freedom (df) for each model are computed as:
df = #known — #estimated, (D.1)

where #known is the number of known parameters (means, variances, and non-redundant
covariances of the observed variables Y;;) and #estimated is the number of free parameters
estimated in the model.

Known Parameters

The total number of known parameters is equal to the number of uniquely identified
non-redundant elements in the measurement covariance matrix (including both variances

Table D1
Degrees of Freedom for SGM, GSGM, and ISGM Models
SGM GSGM ISGM
m n n n
3 4 5 6 3 4 5 6 3 4 5 6

2| 11 25 43 65 11> 25*  43*  65* 4% 18* 36 5H8
3133 65 106 156 31 63 104 154 13 45 86 136
4 | 64 121 194 283 61 118 191 280 28 85 158 247
5 104 193 307 446 100 189 303 442 48 137 251 390
6 | 1563 281 445 645 148 276 440 640 73 201 365 565

Note. SGM = second-order growth model; GSGM = Generalized second-order growth model;
ISGM = indicator-specific growth model; m = number of indicators; n = number of time points.
Here, we assume that measurement invariance across time holds for all intercepts and factor
loadings. *The two indicator GSGM and ISGM are subject to additional constraints needed
for model identification.
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Table D2
Number of Estimated Model Parameters in Different Multi-indicator Linear Growth Models

Model

Estimated Parameters SGM GSGM ISGM
Intercept and Growth Factor Means

E (ginti) , B (glini) 2 2 2m
Intercept and Growth Factor Variances

var (&int; ) » var (i, ) 2 2 2m
Error Variances

var (g;t) mn mn mn
State Residual Variances

var (¢;) or var (d;) n n n
Intercept and Growth Factor Covariances

cov (é-intiaéintj) , COV (ginti’ flinj> s 1 1 m (Qm - 1)

cov (glini ’ glinj>
Intercepts

n(m—1) if i # s
Qg -

(m — 1) if Ot = Qg
Factor Loadings

s n(m—l) 1f)\zt?é)\zs B
* (m — 1) if )\z‘t = )\z‘s

Autoregressive Effects

0 if  cov((,¢s) = 0

1 if G = BiCp-1)+ 0t

Bt and Bt = Bs
(n—1) if G = Biy—1) + it

and /Bt 7é /85

State Residual Factor Loadings
i N n(m—1) if vie # 7is
' (m—1) if i = vis
Note. SGM = second-order growth model; GSGM = Generalized second-order growth model; ISGM
= indicator-specific growth model; m = number of indicators; n = number of time points.




MULTIPLE-INDICATOR GROWTH MODELS 18

Table D3
Algebraic Degrees of Freedom for SGM, GSGM, and ISGM Models

Model #known F#estimated df
2 2,2 —4m — 2n —
SGM (mn) 2—|—3mn a4 s 74 3 men —I—mn2 m—2n —6
2 2,2
3 —6m—2n—-4
GSOM (mn) 2+ mn nt 34t 2 men +mn2 m—2n

(mn)? + 3mn 9 m?n? — 4m? + mn — 8m — 2n + 2
s 2m* +4dm+mn+n—1 5

Note. #known = number of known means, variances, and covariances; #estimated = number of esti-
mated parameters; SGM = second-order growth model; GSGM = Generalized second-order growth model;
ISGM = indicator-specific growth model; m = number of indicators; n = number of time points. Here, we
assume that all latent state residual factors are uncorrelated and that measurement invariance across time
holds for all intercepts and factor loadings.

ISGM

and covariances) plus the total number of expected values that can be computed from the
measurements (see, e.g., Bollen, 1989). In the present context, the number of known
parameters is

(mn)? 4 3mn

k -
#known 5

Estimated Parameters and Degrees of Freedom

In contrast to the number of known parameters, the number of parameters estimated
varies across models. The number of degrees of freedom is then calculated by subtracting
the number of estimated parameters from the number of known parameters, as given in
Equation (D.1). For simplicity, we assume linear growth, and that all intercepts (o), trait
loadings (i), and state residual loadings (7;) are time-invariant. We also assume that the
state residual factors are all uncorrelated (no autoregressive structure). For less restrictive
models, or models with other forms of growth, more parameters will be estimated.

SGM.

#estimated = + 2 +m-n+ n +

\2’/ —~ —~— =~
E (gint) var (gint) var(e;e)  var(Ct)
E (&in) var (&lin)

+

+(m—1)4+(m—1)
~~ ——
cov(&int,&lin) oy i
= 442(m—1)+m-n+n+1
= 2m+mn+n+3
dm +2mn +2n+6

2
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Thus, the degrees of freedom for the SGM are given by

GSGM.

df = H#known — #estimated
(mn)* + 3mn (4m—|—2mn—|—2n—|—6)

2 2
_ m2n? + 3mn — 4m — 2mn — 2n — 6
- 2
_ m?n? +mn —4m —2n — 6
a 2
#estimated = 2 + 9 Y omm o4+ on 4
~~ ~— ~— N
E (fint) var (fint) var(eir)  var((e)
E (&in) var (&1in)
+(m—=1)+(m-1)+(m—1)
~~ AN

cov(&int,Elin) a; i Vi
= 44+3m—-1)+m-n+n+1
= 443m-3+m-n+n+1

= mn+3Im+n+2
2mn +6m +2n + 4

2

Thus, the degrees of freedom for the GSGM are given by

ISGM.

Hunknown

df = Fknown — #estimated

B (mn)? + 3mn (2m-n+6m+2n+4>

2 2
_ m?n? + 3mn — 2mn — 6m — 2n — 4
N 2
_ m*n®+mn—6m—2n—4
N 2

2m  + 2m +m-n+ n +<2m2—m)+(m—1)
<~ <~ —_— =~ N
E (ginti) var (ginti) var(eie) - var($e) cov(&it,&js) B
E (é‘hn,) var (Ehnl)
(2m+2m—m+m)+m-n+n+2m? -1

om> +4m+mn+n—1

19
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Thus, the degrees of freedom for the ISGM are given by

df = F#known — #estimated

2
3
_ M_(zm2+4m+mn+n_1)

2
B (mn)* + 3mn 4m? + 8m + 2mn + 2n — 2
B 2 2
m?n? —4m? + mn — 8m — 2n + 2

2

Note that for models with autoregressive parameters (5;) as well as partial or complete
non-invariance of measurement parameters (¢, Ait, it ), models with fewer df would result.
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Appendix E
Model Identification with Two Indicators per Time Point

To demonstrate the limitations of a growth model with only two indicators per time point, it
is sufficient to consider only the case with three time-points. That is, i = {1,2}, t = {1, 2, 3}.
The covariance matrix for this case, in terms of Yj; for all 4, ¢ is shown in Table E1.

Table E1

Covariance Matriz for 2 Indicators and 8 Time-points
=1 =2 =1 =2 i=1 =2
t=1 t=1 t=2 t=2 t=3 t=3

j=1 s=1 var (Y11)

j=2 s=1 cov(Yi1,Yo1) var (Y1)
j=1 s=2 cov(Y11,Y12) cov(Yar,Yi2 var (Y12)

cov (Y12, Y22) var (Ya2)

cov (Yi2,Y13)  cov(Yaz,Yis) var (Y13)

cov (Yi2,Y23) cov(Yaa,Yas) cov(Yis, Yasz) var(Yas)

j =2 s=2 COV(HLYQQ) Cov (Y217Y22
j =1 s=3 cov (3/11, Y13) Cov ()/217 Y13
j=2 s=3 cov(Yi1,Yas) cov(Yar,Yos

)
)
)
)

To show the general case, we first write out the complete model for the GSGM. This is
accomplished by starting with the generic covariance relation for the autoregressive GSGM
given in Table B1. The substitution of values for the indices into the general covariance
equation is very straightforward.

However, as noted in Appendix B, £:(;—1 + d; must be recursively substituted for (;
(ift > 1ors > 1). Then, the resulting covariance relation must be expanded and simplified.
We demonstrate this for all except the trivial instance where ¢ = s = 1. Note that the order
in which the values (¢, s) appear is not important (cov ((, (s) = cov (s, (t))-

(1,2) = (2, 1)
cov (C2,¢1) = cov (B2C1 + 02,C1)
= cov (B2(1,C1) + cov (2, (1)
= favar(C1)
(1,3) =(3,1)
cov (C1, (3) = cov((1, B3 [B201 + 62] + 63)
= cov (C1, B352¢1 + B30 + 03)
= (3P var (1)
(2,2)

cov (C2,¢2) = cov(B2(1 + d2, f2C1 + 62)
cov (B2€1 + 02, B2€1) + cov (B2(1 + ¢, d2)
= cov (B2(1, B2C1) + cov (2, B2C1) +
0
CcCov (62(1, (52) + cov (52, (52)
0
= B3var ((1) + var (62)

21
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cov (G2, (3) = cov (B2(1 + 02, B3 [B261 + d2] + 03)
= cov (B201, B3 [B2C1 + d2] + J3) +
cov (62, (3 [B21C1 + 2] + 03)
= B3B3 cov (C1, (1) + cov (02, B3P2C1 + B3d2) +
= Bsf3var (i) + B var (82, 62)

(3,3)

cov (3, (3) = cov (B3 [B201 + 02| + d3, B3 [B2l1 + d2] + 03)
= cov (B3 [B2(1 + d2], B3 [B2C1 + d2]) +
2cov (B3 [2C1 + 02], 63) +

cov (d3, 03) ’
= cov (B3P2C1 + B2, B302(1 + B3d2) +
cov (B382¢1, B3f2C1) +
2 cov (B32(1, B302) +
0
cov (302, B3d2) +
var (d3)
= B3B2var (¢1) + B2 var (02) + var (03)

The results from substituting all possible combinations for the specific values of i and ¢ into
this covariance equation, and simplifying these according to the model restrictions given
in Equations (B.7)-(B.9) are shown in Table E3. Similarly, the results of this substitution
for the case of uncorrelated state residual variables, simplified according to the restrictions
given in Equations (B.2)-(B.4), are shown in Table E3.

We assume MI and uncorrelated state residual variables in order to examine when
the model is not identified. The identification problem comes from the state residual ((;)
parameters. This is evident from the fact that the latent state residual variable for the first
time point, (1, appears in exactly three equations from Table E3:

var (Y11) = var (&ne) + var (¢1) + var (e11)
cov (Y11,Y21) = Ag1var (&nt) + o1 var (C1)
var (Ya1) = A3y var (&) + 73 var (C1) + var (e21)

These are also the only equations in which the parameter v9; appears. In these equations,
var (Y11), var (Y21), and cov (Y71, Ya1) are known, while var (&) and 91 can be identified
from the other model equations. The parameters o1, var (¢1), var (e11) and var (g21) are
not known. These parameters do not appear elsewhere and thus cannot be estimated
from other information. Without formal proof, we note that the situation remains un-
changed regardless of the number of time-points present. This leads to the conclusion that
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Table E2

Variance and covariance equations for the GSGM-AR with two indicators and three time
points.

var (Y11)
cov (Y11, Yo1)
cov (Y11, Y12)
cov (Y11, Ya2)
cov (Y11, Yi3)
cov (Y11, Ya3)

var (Ya1)
cov (Ya1, Yi2)
cov (Ya1, Yao)
cov (Ya1, Yi3)
cov (Yo, Ya3)

var (Yi2)

cov (Y12, Ya2)
cov (Y12, Y13)
cov (Y12, Yo3)

var (Ya2)
cov (Ya, Y13)
cov (Yag, Yo3)

var (Yi3)
cov (Y13, Ya3)

var (Y23)

var (&) 4 71 var (C) + var (e11)

o1 var (€ing) + 21 var (1)

coV (&int, &lin) + var (§int) + B2 var (¢1)

o2 [cov (&int, &iin) + var (ing)] + Y2282 var (1)

(2 cov (&int, &lin) + var (§ine)] + 3582 var (¢1)

23 [2 cov (Einty &lin) + var (Eint)] + 238302 var ((1)
A3y var (€int) + A3y var (1) + var (e21)

Aot [cov (Eint, i) + var (Eing)] + Y2182 var (¢1)

o1 A22 [cov (Eing, Elin) + var (Emng)] + Yo1v0232 var ((1)
21 [2 cov (&int, Elin) + var (&int)] + Y21 8302 var (1)
A21A23 [2 cov (&int, &iin) + var (&t)] + v217238362 var (¢1)
2 cov (&t &lin) + var (§in) + var (§int) +

32 var (¢1) + var (62) + var (e12)

A22 [2 cov (&int; &lin) + var (&in) + var (&ine)] +

Y22 [B3 var (C1) + var (62)]

[3 cov (&t &lin) + 2 var (&lin) + var (&int)] +

8333 var (1) + B3 var (02)]

A2 [3cov (&int, i) + 2Var (§in) + var (&ine)] +
Va3 (8353 var (C1) + B3 var (02)]

A3g [2¢0V (€int, &iin) + var (i) + var (Eine)] +

V3, |85 var (¢1) + var (d2)] + var (€22)

A22 [3 oV (&int, &lin) + 2 var (§in) + var (§int)] +

22 B35 var (C1) + B3 var (d2)]

2223 [3 cov (&int, &iin) + 2 var (&in) + var (&ing)] +
Y227y23 (B335 var (1) + B3 var (62)]

4cov (&int, &in) + 4var (§in) + var (§ine) +

B335 var (C1) + B33 var (62) + var (63) + var (e13)
23 [4cov (&int, &iin) + 4 var (&in) + var (&ing)] +
Vo3 [ 8383 var ((1) + 3 var (d2) + var (d3)]

)\23 [4cov (&int, &lin) + 4 var (&in) + var (§ing)] +

V35 [8383 var (¢1) + 33 var (02) + var (J3)] + var (23)

23
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Table E3
Variance and covariance equations for the GSGM with two indicators and three time points.

Cov (Ylg, YQQ)
COov (le, Y13)
Cov (Ylg, Y23)

var (Ygg)
COov (YQQ, Y13)
CoVv (YQQ, Y23)

var (Y13)

CoVv (Y13, Y23)

var (Ygg)

var (§ing) + var (1) + var (e11)
o1 var (&int) + 21 var (¢1)
cov (&int, &lin) + var (&int)
A22 [coV (&int,s &lin) + var (§ing)]
2 cov (§int, &lin) + var (§int)
A23 [2 cov (&int, &lin) + var (&int)]
A3, var (&mng) + 74, var (¢1) + var (g21)
A2t [€oV (&int,s &lin) + var (§ing)]
A21A22 [€OV (&inty &lin) + var (ing)]
21 [2 cov (&int, lin) + var (Eing)]
2123 [2 cov (&int, &lin) + var (&in)]
(2 cov (&int &lin) + var (&in) + var ()] +
var (C2) + var (€12)
A22 2 cov (&int, &lin) + var (&in) + var (&int)] +
Y22 var ((2)
3 cov (&nt, &lin) + 2 var (&lin) + var (&)
>\23 [3 cov (&ints &lin) + 2 var (&in) + var (&int)]
32 [2cov (&nt, &in) + var (&in) + var (Gt )] +
73, var (o) + var (€92)
A22 [3 cov (§int, &lin) + 2 var (§in) + var (&int)]
A22A23 [3 €OV (&ints &lin) + 2 var (&in) + var (&int)]
4 cov (&int, &lin) + 4 var (&in) + var (§ing) +
var ((3) + var (€13)
o3 [4 cov (&int, &lin) + 4 var (&in) + var (&ine)] +
’723 var ()
33 [4cov (&nt, &in) + 4var (&in) + var (&ine)] +
725 var ((3) + var (€23)
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the GSGM is not generally identified with only two indicators at each time-point, unless
further constraints are imposed or effects are added to the model. If the parameters ~o; are
known, the remaining unknown parameters in these equations can be estimated. This can
be accomplished by fixing the state residual loadings v9; to some value (i.e., y1¢ = vor = 1).
Alternatively, the SGM, which we have shown to be a special case of the GSGM in which
vit = Ayt can be used to adequately constrain this model, since the \;; parameters can be
estimated from other model information.

Another case in which the model information is sufficient for the parameters vo; and
var ((¢) to be estimated occurs when there is a significant autoregressive structure. The 7o
loadings in this case are related by the f; parameters. This can be seen by comparing the
covariance relations in Table E2 to those in Table E3, paying particular attention to the
parameters containing the terms containing (; and J;.

25
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Appendix F
Variance Components and Coefficients

In each of the three growth models, the observed variance can be partitioned into variance
due to the growth process, variance due to state residual variability, and measurement error
variance as shown in Figure F1.

Trait & Growth Variance Latent State
Variance
Observed
) var (Tit)
Variance State Residual Variance
var (Yi)
Error Variance var (i)

Figure F1. Variance Decomposition in the SGM, GSGM, and ISGM

Based on the variance decomposition in each model (see Table F1), several coefficients
can be defined (Eid, Courvoisier, & Lischetzke, 2012):
Coefficient of reliability:

State Variance var (i)

1(Yi) = = .
Rel (¥a) Observed Variance  var (Yj)

Coefficient of consistency:

Trait & Growth Variance
State Variance '

Con (1¢) =

Coefficient of occasion-specificity:

State Residual Variance

OSpec (rir) = State Variance
Table F1
Variance Decomposition
Model  Variance Component Equation
SGM
Trait & Growth Variance A2, var (&int) + (¢ — 1)2 X2, var (&in) + 2 (t — 1) A2, cov (Eins, &iin)
State Residual Variance A% var ((i—1)
Error Variance var (g:¢)
GSGM
Trait & Growth Variance A% var (€int) + (t — 1)? A4 var (&) + 2 (£ — 1) A% cov (Eint, Eiin)
State Residual Variance 72 var ()
Error Variance var (g4¢)
ISGM

Trait & Growth Variance var (&nt,) + (t — 1)? var (&in;) + 2 (¢ — 1) cov (&int, , Eliny)
State Residual Variance  ~2 var ({;)

Error Variance var (g;¢)
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Note that whereas the reliability coefficient is defined for the observed variables Y,
the Con and OSpec coeflicients are defined for the true score variables 7;¢, so as to partition
the total systematic variance into growth versus state residual variance. Below we show the
specific calculations for each model.

SGM

Total Variance:

var (Yi¢) = A2 var (&) +(t — 1)* X4 var (&) +2 (£ — 1) A cov (Eint, Eiin)+AZ var (G )+var () .
Reliability Coefficient:

)‘zzt var (i) + (¢ — 1)2 )‘zzt var (§in) +2(t — 1) >‘12t cov (&int, &lin) + )‘2215 var ((t)
var (Yit) '

Rel (Y;t) =

Consistency Coeflicient:

Con(r) = M (Gine) + (£ — 1) var\(/il;n()n—;— 2(t — 1) cov (§int, ghn),

var (fint) + (t - 1)2 var (glin) + 2 (t - 1) cov (ginty flin)
var (&ing) + (t — 1)2 var (&in) + 2 (t — 1) cov (&int, &in) + var (Ct)'

Occasion-specificity Coefficient:

OSpec (13) = :::11: Ei; ,
_ var (Gt)
var (§int) + (¢ — 1)2 var (§1in) + 2 (¢ — 1) cov (&int, &iin) + var (¢;) .
GSGM

Total Variance:
var (}/;t) = )‘1215 var (fint) (t - 1) zt var (§IIH)+2 (t - 1) )‘nf cov (flnta 611n)+71t var (Ct)—l-V&I‘ (8175)
Reliability Coefficient:

)‘zzt var (§ine) + (1 — 1)2 /\zzt var (§in) +2(t — 1) )‘zzt cov (&int, &lin) + %215 var ((t)
var (Vi) '

Rel (Y;t) =

Consistency Coeflicient:

Con (1) = A3 var (€ing) + (¢ — 1)2 A var (§in) + 2 (t — 1) A2 cov (&int, Elin)
i var (7it) ’
A2 var (&) + (t — 1)% M2 var (€1) + 2 (t — 1) A2 cov (Eint, Elin)
>\z2t var (§ine) + (1 — 1)2 )\zzt var (§in) +2(t — 1) )‘221; cov (&int, &lin) + ’Yzzt var (() .
Occasion-specificity Coefficient:
’Yz?t var (Ct)
var (7it)

OSpec (1¢) =

Vi var (Gt)
A2 var (€ing) + (t — 1)2 A2 var (§in) + 2 (t — 1) A2 cov (int, Ein) + 2 var (G) '
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ISGM

Total Variance:
var (Vi) = var (&nt,) + (t — 1)* var (Gin,) + 2 (t — 1) cov (&nt, , &in,) + Vit var (G) + var (£4¢) -
Reliability Coefficient:
Rel (Y'Zt) _ var (ginti) + (t — 1)2 var (élini) +2 (t — 1) cov (fintw glini) + ’Vi2t var (Ct)
var (Yit)

Consistency Coefficient:

Con (1) = var (&g, ) + (t — 1)2 var EE;HE;:; 2(t—1)cov (&nt,, §1ini)’
var (ginti) + (t - 1)2 var (glini) + 2 (t - 1) cov (gintiy glini)

var (ginti) + (t - 1)2 var (Elini) + 2 (t - 1) cov (gintia glini) + '72215 var (Ct) .

Occasion-specificity Coefficient:

%'Qf, var ((t)

OSpec(Tit) = oG] + (F = 1) var (€my) + 2 (£ — 1) 00 (Emss €imr) + 7208 (G)

Note that for the SGM, the consistency coefficient and its complement (OSpec) are
dependent only upon 7¢. Thus, this coefficient is the same for all indicators measured at the
same time point in this model. However, for both the GSGM and ISGM, Con and OSpec
are indicator-specific (dependent on 7;;) because there is not a common latent state factor
for each time-point in these two models. Additional coefficients can be defined in the case
of an autoregressive structure among the state residuals as shown in Eid et al. (2012).
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Appendix G
Mplus Model Inputs for SGM, GSGM, and ISGM

The order and names used for the following model specifications match the specifi-
cation in Table 3 (of the main paper). The data file used for this analysis is pro-
vided for practice purposes only. It is available for download at http://supp.apa.org/
psycarticles/supplemental/met0000018/met0000018_supp.html. Publication of this
data in any form, including results from analyzing this data is expressly forbidden. For
requests to use this data for publication or other purposes, please contact Dr. David Cole
at david.cole@vanderbilt.edu.

Model 1a: SGM

filename: 1la_ SGM_ LinearGrowth__AlphaLamlnv.inp

TITLE: Second-Order Multiple-Indicator Growth Model.
Linear Growth.
First-order representation.
(after Schmid-Leiman Transformation).
DATA: file = Anxiety_Data_3_Indicators_4_Waves.dat;

VARIABLE:
names = grplD
yil1 y21 y31
y12 y22 y32
y13 y23 y33
y14 y24 y34;
usevariables = yi11 y21 y31
y12 y22 y32
y13 y23 y33
y14 y24 y34;
missing = all(-99);
MODEL:

! Common xi. This is the trait intercept.
! Set the first trait loading (lambda) to 1.
! Estimate the other two.
! Measurement Invariance on lambda not assumed.
xi_int by y11@1 (lambdall)

y21  (lambda21)

y31 (lambda31)

y12@1 (lambdal2)

y22  (lambda22)

y32  (lambda32)

y13@1 (lambdal3)

y23  (lambda23)

y33  (lambda33)

y1401 (lambdail4)

y24  (lambda24)

29
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y34  (lambda34);
! Estimate the mean of the trait factor.
! (zero by default in Mplus).
[xi_intx];
! Variance of the trait factor (xi_int).
xi_int (xi_intv);
! Growth Model. This is the trait slope.
! Wave 1 is missing, because lambda would be multiplied by O.
! Multiply by 1xlambda for the second wave, by 2xlambda for
! the third, and 3*lambda for the fourth.
xi_lin by y12@1 (lambdal2)
y22  (lambda22)
y32  (lambda32)
y1302 (lambdal3d)
y23  (lambda23d)
y33  (lambda33d)
y14@3 (lambdaldt)
y24  (lambda24t)
y34  (lambda34t);
! Estimate the mean of the growth factor.
! (zero by default in Mplus).
[xi_linx];
! Variance of the growth factor (xi_lin).
xi_lin (xi_linv);
! These loadings must be the same as the trait
! loadings given above...a constraint of the SGM.
zetal by y1101 (lambdall)
y21  (lambda21)
y31  (lambda31);
zeta2 by y1201 (lambdal2)
y22  (lambda22)
y32  (lambda32);
zeta3 by y13@1 (lambdal3l)
y23  (lambda23)
y33  (lambda33);
zetad by y1401 (lambdal4d)
y24  (lambda24)
y34  (lambda34);
! Set intercepts of state residual factors to zero.
! (would otherwise be estimated as the default in Mplus)
[zetal-zetad@0] ;

! Delta error variances on each zeta.
zetal (zetalvar);
zeta2 (zeta2var);
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zeta3 (zeta3var);

zetad (zetadvar);

! Constant intercepts (alpha_it).

! Set the intercept on the first indicator

! (alphal) to O, and estimate the other

! two (alpha2, alpha3).

! This assumes alpha-MI.

[y11@0]; [y21*] (alpha21); [y31*] (alpha31l);
[y12@0]; [y22*] (alpha22); [y32+%] (alpha32);
[y13e@0]; [y23*] (alpha23); [y33*] (alpha33);
[y14e0]; [y24*] (alpha24); [y34x] (alpha34);
! Estimate the Error Variances.

y11 (evil); y21 (ev21); y31 (ev3l);

y12 (ev12); y22 (ev22); y32 (ev32);

y13 (ev13); y23 (ev23); y33 (ev33);

y14 (evid); y24 (ev24); y34 (ev3d);

! Non-admissible correlations.

xi_int with zetal-zeta4QoO;

xi_lin with zetal-zeta4@0;

zetal with zeta2-zetad@oO;

zeta2 with zeta3-zetad@oO;

zeta3d with zeta4@0;

MODEL CONSTRAINT:

! lambdaid is double lambda i.

lambda23d = lambda23x*2;

lambda33d = lambda33%2;

! lambdait is triple lambda 1i.

lambda24t = lambda24x*3;

lambda34t = lambda34x*3;

OUTPUT: sampstat stdyx;

Model 1b: SGM, a, A-MI
filename: 1b_ SGM_ LinearGrowth__AlphaLamlInv.inp

TITLE: Second-Order Multiple-Indicator Growth Model.
Measurement invariance assumed on alpha and lambda.
Linear Growth.
First-order representation.
(after Schmid-Leiman Transformation).
DATA: file = Anxiety_Data_3_Indicators_4_Waves.dat;

VARIABLE:

names = grplD
y11l y21 y31
y12 y22 y32

y13 y23 y33
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y14 y24 y34;
usevariables = y11 y21 y31
yl12 y22 y32
y13 y23 y33
y14 y24 y34;

missing = all(-99);

MODEL:
! Common xi. This is the trait intercept.
| Set the first trait loading (lambda) to 1.
! Estimate the other two.
! This assumes Measurement Invariance on lambda.
! Do this if the lambdas have to be the same
! for a given test across testing occasions.
xi_int by y11@1l y21 y31 (lambdal-lambda3)
y12@1 y22 y32 (lambdal-lambda3)
y13@1 y23 y33 (lambdal-lambda3)
y140@1 y24 y34 (lambdal-lambda3);
! Estimate the mean of the trait factor.
! (zero by default in Mplus).
[xi_dintx];
! Variance of the trait factor (xi_int).
xi_int (xi_intv);
! Growth Model. This is the trait slope.
! Wave 1 is missing, because lambda would be multiplied by O.
! Multiply by 1xlambda for the second wave, by 2xlambda for
! the third, and 3*lambda for the fourth.
xi_lin by y12@1 (lambdal)
y22  (lambda2)
y32  (lambda3)
y1302 (lambdald)
y23  (lambda2d)
y33  (lambda3d)
y14@3 (lambdalt)
y24  (lambda2t)
y34  (lambda3t);
! Estimate the mean of the growth factor.
! (zero by default in Mplus).
[xi_1inx];
! Variance of the growth factor (xi_lin).
xi_1lin (xi_linv);
! These loadings must be the same as the trait
! loadings given above...a constraint of the SGM.
zetal by y11@1 y21 y31 (lambdal-lambda3);
zeta2 by y1201 y22 y32 (lambdal-lambda3);
zeta3 by y13@1 y23 y33 (lambdal-lambda3);
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zetad by y14@1 y24 y34 (lambdal-lambda3);

! Set intercepts of state residual factors to zero.

! (would otherwise be estimated as the default in Mplus)
[zetal-zetad@0] ;

! Delta error variances on each zeta.
zetal (zetalvar);

zeta2 (zetalvar);

zeta3 (zeta3var);

zetad (zetadvar);

! Constant intercepts (alpha_it).

! Set the intercept on the first indicator
! (alphal) to O, and estimate the other

! two (alpha2, alpha3).

! This assumes alpha-MI.

[y11@0]; [y21x*] (alpha2); [y31*] (alpha3);
[y12@0]; [y22+%] (alpha2); [y32+] (alpha3);
[y13@0]; [y23*] (alpha2); [y33*] (alpha3);
[y14@0]; [y24x*] (alpha2); [y34x*] (alpha3);
! Estimate the Error Variances.

yi1 (evil); y21 (ev21); y31 (ev3l);

y12 (ev12); y22 (ev22); y32 (ev32);

y13 (ev13); y23 (ev23); y33 (ev33);

y14 (evid); y24 (ev24); y34 (ev3d);

! Non-admissible correlations.

xi_int with zetal-zeta4@O;

xi_lin with zetal-zeta4QoO;

zetal with zeta2-zetad@O;

zeta2 with zeta3-zetad@oO;

zeta3d with zetad@0;

MODEL CONSTRAINT:

! lambdaid is double lambda i.

lambda2d = lambda2x*2;

lambda3d = lambda3*2;

! lambdait is triple lambda i.

lambda2t = lambda2*3;

lambda3t = lambda3*3;

OUTPUT: sampstat stdyx;

Model 2a: GSGM
filename: 2a_ GSGM__LinearGrowth.inp

TITLE: Generalized Second-Order Multiple-Indicator Growth Model.
Linear Growth.
First-order model representation.
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(after Schmid-Leiman Transformation).
DATA: file = Anxiety_Data_3_Indicators_4_Waves.dat;
VARIABLE:
names = grplD
yi11l y21 y31
y12 y22 y32
y13 y23 y33
y14 y24 y34;
usevariables = yl11 y21 y31
y12 y22 y32
y13 y23 y33
y14 y24 y34;
missing = all(-99);
MODEL:
! Common xi. This is the trait intercept.
| Set the first trait loading (lambda) to 1.
! Estimate the other two.
! Measurement Invariance on lambda not assumed.
xi_int by y11@1 (lambdall)
y21  (lambda21)
y31  (lambda31)
y12@1 (lambdal2)
y22  (lambda22)
y32  (lambda32)
y1301 (lambdal3)
y23  (lambda23)
y33  (lambda33)
y14@1 (lambdal4d)
y24 (lambda24)
y34  (lambda34);
! Estimate the mean of the trait factor.
! (zero by default in Mplus).
[xi_intx*];
! Variance of the trait factor (xi_int).
xi_int (xi_intv);
! Growth Model. This is the trait slope.
! Wave 1 is missing, because lambda would be multiplied by O.
! Multiply by 1*lambda for the second wave, by 2*lambda for
! the third, and 3*lambda for the fourth.
xi_lin by y1201 (lambdal2)
y22  (lambda22)
y32 (lambda32)
y1302 (lambdal3d)
y23  (lambda23d)
y33  (lambda33d)

34
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y14@3 (lambdal4t)
y24  (lambda24t)
y34  (lambda34t) ;
! Estimate the mean of the growth factor.
! (zero by default in Mplus).
[xi 1inx];
! Variance of the growth factor (xi_lin).
xi_lin (xi_linv);
! These loadings are NOT the same as the trait
! loadings given above. This is the difference
! between the GSGM and the SGM.
! Do not assume measurement invariance of the state residual
! factor loadings (gamma_it=gamma_is).
zetal by y110@1 (gammall)
y21  (gamma21)
y31  (gamma31);
zeta2 by y1201 (gammal?2)
y22  (gamma22)
y32  (gamma32);
zeta3 by y13@l (gammal3)
y23  (gamma23)
y33  (gamma33);
zetad by y1401 (gammal4)
y24 (gamma24)
y34  (gamma34);
! Set intercepts of state residual factors to zero.
! (would otherwise be estimated as the default in Mplus)
[zetal-zetad@0] ;

! Delta error variances on each zeta.

zetal (zetalvar);

zeta2 (zeta2var);

zeta3 (zeta3var);

zetad (zetadvar);

! Constant intercepts (alpha_it).

! Set the intercept on the first indicator

! (alphal) to O, and estimate the other

! two (alpha2, alpha3).

! This assumes alpha-MI.

[y11@0]; [y21*] (alpha21); [y31*] (alpha3l);
[y12@0]; [y22%] (alpha22); [y32*] (alpha32);
[y13e00]; [y23*] (alpha23); [y33*] (alpha33);
[y14e00]; [y24*] (alpha24); [y34*] (alpha34);
! Estimate the Error Variances.

yi1l (evil); y21 (ev21); y31 (ev3l);
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y12 (ev12); y22 (ev22); y32 (ev32);
y13 (ev13); y23 (ev23); y33 (ev33);
y14 (evid); y24 (ev24); y34 (ev34d);
! Non-admissible correlations.
xi_int with zetal-zetadQoO;

xi_lin with zetal-zeta4@0;

zetal with zeta2-zeta4@0;

zeta2 with zeta3-zetad@O;

zeta3d with zetad@0;

MODEL CONSTRAINT:

! lambdaid is double lambda i.
lambda23d = lambda23x*2;

lambda33d = lambda33*2;

! lambdait is triple lambda 1i.
lambda24t = lambda24x3;

lambda34t = lambda34x*3;

OUTPUT: sampstat stdyx;

Model 2b: GSGM, o, \-MI
filename: 2b_ GSGM_ LinearGrowth__AlphaLamlInv.inp

TITLE: Generalized Second-Order Multiple-Indicator Growth Model.
Measurement invariance assumed on alpha and lambda.
Linear Growth.
First-order model representation.
(after Schmid-Leiman Transformation).
DATA: file = Anxiety_Data_3_Indicators_4_Waves.dat;

VARIABLE:
names = grplD
y11l y21 y31
yl12 y22 y32
y13 y23 y33
y14 y24 y34;
usevariables = y11 y21 y31
y12 y22 y32
y13 y23 y33
y14 y24 y34;
missing = all(-99);
MODEL:

! Common xi. This is the trait intercept.

| Set the first trait loading (lambda) to 1.

! Estimate the other two.

! This assumes Measurement Invariance on lambda.
! Do this if the lambdas have to be the same

! for a given test across testing occasionms.
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xi_int by y11@1l y21 y31 (lambdal-lambda3)
y12@1 y22 y32 (lambdal-lambda3)
y13@1 y23 y33 (lambdal-lambda3)
y140@1 y24 y34 (lambdal-lambda3);
! Estimate the mean of the trait factor.
! (zero by default in Mplus).
[xi_intx];
! Variance of the trait factor (xi_int).
xi_int (xi_intv);
! Growth Model. This is the trait slope.
! Wave 1 is missing, because lambda would be multiplied by O.
! Multiply by 1*lambda for the second wave, by 2xlambda for
! the third, and 3*lambda for the fourth.
xi_lin by y12@1 (lambdal)
y22  (lambda2)
y32  (lambda3)
y1302 (lambdald)
y23  (lambda2d)
y33  (lambda3d)
y14@3 (lambdalt)
y24  (lambda2t)
y34  (lambda3t);
! Estimate the mean of the growth factor.
! (zero by default in Mplus).
[xi_linx];
! Variance of the growth factor (xi_lin).
xi_lin (xi_linv);
! These loadings are NOT the same as the trait
! loadings given above. This is the difference
! between the GSGM and the SGM.
! Do not assume measurement invariance of the state residual
! factor loadings (gamma_it=gamma_is) .
zetal by y1101 (gammall)
y21  (gamma21)
y31  (gamma31);
zeta2 by y1201 (gammal?2)
y22  (gamma22)
y32  (gamma32);
zeta3 by y1301 (gammal3)
y23  (gamma23)
y33  (gamma33);
zetad by yl14@l (gammal4)
y24  (gamma24)
y34  (gamma34);
! Set intercepts of state residual factors to zero.
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! (would otherwise be estimated as the default in Mplus)
[zetal-zetad@0] ;

! Delta error variances on each zeta.
zetal (zetalvar);

zeta2 (zeta2var);

zeta3 (zeta3var);

zetad (zetadvar);

! Constant intercepts (alpha_it).

! Set the intercept on the first indicator
! (alphal) to O, and estimate the other

! two (alpha2, alpha3).

! This assumes alpha-MI.

[y11@0]; [y21*] (alpha2); [y31*] (alpha3);
[y12@0]; [y22+] (alpha2); [y32*] (alpha3);
[y13@0]; [y23*] (alpha2); [y33*] (alpha3);
[y14@0]; [y24x*] (alpha2); [y34x*] (alpha3);
! Estimate the Error Variances.

yi1 (evil); y21 (ev21); y31 (ev3l);

y12 (ev12); y22 (ev22); y32 (ev32);

y13 (ev13); y23 (ev23); y33 (ev33);

y14 (evid); y24 (ev24); y34 (ev34);

! Non-admissible correlations.

xi_int with zetal-zeta4QO;

xi_lin with zetal-zeta4@0;

zetal with zeta2-zetadQO;

zeta2 with zeta3-zetad@oO;

zeta3d with zetad@0;

MODEL CONSTRAINT:

! lambdaid is double lambda i.

lambda2d lambda2*2;

lambda3d lambda3*2;

! lambdait is triple lambda i.

lambda2t = lambda2*3;

lambda3t = lambda3*3;

OUTPUT: sampstat stdyx;

Model 2c: GSGM, a, )\, v-MI
filename: 2c_ GSGM__LinearGrowth__ AlphaLamGamlInv.inp

TITLE: Generalized Second-Order Multiple-Indicator Growth Model.

Measurement invariance assumed on alpha and lambda.
Measurement invariance assumed on gamma.

Linear Growth.

First-order model representation.
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(after Schmid-Leiman Transformation).
DATA: file = Anxiety_Data_3_Indicators_4_Waves.dat;

VARIABLE:
names = grplD
yi11l y21 y31
y12 y22 y32
y13 y23 y33
y14 y24 y34;
usevariables = yl11 y21 y31
y12 y22 y32
y13 y23 y33
y14 y24 y34;
missing = all(-99);
MODEL:

! Common xi. This is the trait intercept.
| Set the first trait loading (lambda) to 1.
! Estimate the other two.
! This assumes Measurement Invariance on lambda.
! Do this if the lambdas have to be the same
! for a given test across testing occasions.
xi_int by y11@1l y21 y31 (lambdal-lambda3)
y12@1 y22 y32 (lambdal-lambda3)
y130@1 y23 y33 (lambdal-lambda3)
y14@1 y24 y34 (lambdal-lambda3);
! Estimate the mean of the trait factor.
! (zero by default in Mplus).
[xi_intx];
! Variance of the trait factor (xi_int).
xi_int (xi_intv);
! Growth Model. This is the trait slope.
! Wave 1 is missing, because lambda would be multiplied by O.
! Multiply by 1xlambda for the second wave, by 2xlambda for
! the third, and 3*lambda for the fourth.
xi_lin by y12@1 (lambdal)
y22  (lambda2)
y32  (lambda3)
y1302 (lambdald)
y23 (lambda2d)
y33  (lambda3d)
y14@3 (lambdalt)
y24  (lambda2t)
y34 (lambda3t) ;
! Estimate the mean of the growth factor.
! (zero by default in Mplus).
[xi_linx];



MULTIPLE-INDICATOR GROWTH MODELS 40

! Variance of the growth factor (xi_lin).
xi_lin (xi_linv);
! These loadings are NOT the same as the trait
! loadings given above. This is the difference
! between the GSGM and the SGM.
! Assume measurement invariance of the state residual
! factor loadings (gamma_it=gamma_is).
zetal by y11@1 (gammal)
y21  (gamma2)
y31  (gamma3);
zeta2 by y1201 (gammal)
y22  (gamma2)
y32  (gamma3);
zeta3 by y1301 (gammal)
y23  (gamma2)
y33 (gamma3) ;
zetad by y14@1 (gammal)
y24  (gamma2)
y34  (gamma3);
! Set intercepts of state residual factors to zero.
! (would otherwise be estimated as the default in Mplus)
[zetal-zetad@O] ;

! Delta error variances on each zeta.
zetal (zetalvar);

zeta2 (zeta2var);

zeta3 (zeta3var);

zetad (zetadvar);

! Constant intercepts (alpha_it).

! Set the intercept on the first indicator
! (alphal) to O, and estimate the other

! two (alpha2, alpha3).

! This assumes alpha-MI.

[y11@0]; [y21*] (alpha2); [y31*] (alpha3);
[y12@0]; [y22+%] (alpha2); [y32%] (alpha3);
[y13@0]; [y23*] (alpha2); [y33*] (alpha3);
[y14@0]; [y24+] (alpha2); [y34*] (alpha3);
! Estimate the Error Variances.

y11 (evil); y21 (ev21); y31 (ev31l);

y12 (ev12); y22 (ev22); y32 (ev32);

y13 (ev13); y23 (ev23); y33 (ev33);

y14 (evid); y24 (ev24); y34 (ev3d);

! Non-admissible correlations.

xi_int with zetal-zeta4QO;

xi_lin with zetal-zeta4@0;
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zetal with zeta2-zetad@oO;
zeta2 with zeta3-zetad@oO;
zeta3d with zetad@0;

MODEL CONSTRAINT:

! lambdaid is double lambda i.
lambda2d = lambda2x*2;

lambda3d = lambda3*2;

! lambdait is triple lambda 1i.
lambda2t = lambda2*3;

lambda3t = lambda3*3;

OUTPUT: sampstat stdyx;

Model 3a: ISGM
filename: 3a_ ISGM_ LinearGrowth.inp

TITLE: Indicator-Specific Growth Model.
Linear Growth.
First-order model representation.
DATA: file = Anxiety_Data_3_Indicators_4_Waves.dat;

VARIABLE:
names = grplD
yi1l y21 y31
y12 y22 y32
y13 y23 y33
y14 y24 y34;
usevariables = yl11 y21 y31
y12 y22 y32
y13 y23 y33
y14 y24 y34;
missing = all(-99);
MODEL:

! One xi (trait intercept factor) for each indicator.
! A1l loadings are set to 1, because of the
! indicator-specificity. See derivation.
xi_int_1 by y11@1 y1201 y13@1 y14@1;
xi_int_2 by y2101 y2201 y2301 y2401;
xi_int_3 by y31@1 y320@1 y33@1 y3401;

! Estimate the trait factor means

! (zero by default in Mplus).

[xi_int 1% xi_int 2% xi_int 3%];

! Variance on xi_int_i.

xi_int_1 (xi_intlv);

xi_int_2 (xi_int2v);

xi_int_3 (xi_int3v);

! Growth Model. These are the trait slopes.
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! Linear Growth. No loading on the first
! indicator as this would be O.
xi_lin_1 by y1201 y1302 y14@3;
xi_lin_2 by y22@1 y2302 y24Q@3;
xi_lin_3 by y32@1 y3302 y3403;
! Estimate the growth factor means
! (zero by default in Mplus).
[xi 1in 1% xi 1lin 2% xi 1lin 3%];
! Estimate the growth factor variances.
xi_lin_1 (xi_linlv);
xi_1lin_2 (xi_1in2v);
xi_lin_3 (xi_1in3v);
! Occasion-specific (common) state residual
! factors (zeta_t).
! Do not assume measurement invariance of the state residual
! factor loadings (gamma_it><=gamma_is) .
zetal by ylie1l
y21 (gamma21)
y31 (gamma31);
zeta2 by yl201
y22 (gamma22)
y32 (gamma32) ;
zeta3 by yi13@1
y23 (gamma23)
y33 (gamma33) ;
zetad by yl4e1
y24 (gamma24)
y34 (gamma34);
! Set intercepts of state residual factors to zero.
! (would otherwise be estimated as the default in Mplus)
[zetal-zetad@0] ;
! Variances of zeta.
zetal (zetalvar);
zeta2 (zetalvar);
zeta3 (zeta3var);
zetad (zetadvar);
! Intercepts factors (alpha loadings).
! Set the intercept loadings (alpha_it) on
! all indicators to O as required by the model.
! Intercepts.
! Set to 0, as required by the model.
[y11@0 y21@0 y31@0];
[y12@0 y22@0 y32@0];
[y13@0 y23@0 y33@0];
[y14@0 y24@0 y34@0];
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! Estimate the Error Variances.

y11 (evil); y21 (ev21); y31 (ev3l);
y12 (ev12); y22 (ev22); y32 (ev32);
y13 (ev13); y23 (ev23); y33 (ev33);
y14 (evid); y24 (ev24); y34 (ev3d);

! Non-admissible correlations.
xi_int_1-xi_int_3 with zetal-zetad@oO;
xi_lin_1-xi_lin_3 with zetal-zeta4@oO;
zetal with zeta2-zetad@oO;

zeta2 with zeta3-zetad@oO;

zeta3d with zeta4@0;

OUTPUT: sampstat stdyx;

Model 3b: ISGM, v-MI
filename: 3b__ISGM_ LinearGrowth_ GamlInv.inp

TITLE: Indicator-Specific Growth Model.
Measurement invariance assumed on gamma.
(gamma_it = gamma_is for all i,t,s)
Linear Growth.
First-order model representation.
DATA: file = Anxiety_Data_3_Indicators_4_Waves.dat;

VARIABLE:
names = grplD
y11l y21 y31
y12 y22 y32
y13 y23 y33
y14 y24 y34;
usevariables = yi11 y21 y31
yl12 y22 y32
y13 y23 y33
y14 y24 y34;
missing = all(-99);
MODEL:

! One xi (trait intercept factor) for each indicator.
! A1l loadings are set to 1, because of the
! indicator-specificity. See derivation.
xi_int_1 by yl11@1l y1201 y130@1 y1401;
xi_int_2 by y2101 y2201 y2301 y24@1;
xi_int_3 by y310@1 y3201 y33Q@1 y3401;

! Estimate the trait factor means

! (zero by default in Mplus).

[xi_int_1* xi_int_2% xi_int_3%];

! Variance on xi_int_i.

xi_int_1 (xi_intilv);
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xi_int_2 (xi_int2v);
Xi_int_3 (xi_int3v);
! Growth Model. These are the trait slopes.
! Linear Growth. No loading on the first
! indicator as this would be O.
xi_lin_1 by y1201 y130@2 y14@3;
xi_lin_2 by y2201 y2302 y24@3;
xi_lin_3 by y3201 y3302 y34Q3;
! Estimate the growth factor means
! (zero by default in Mplus).
[xi_lin_1* xi_lin_ 2% xi_lin_3%*];
! Estimate the growth factor variances.
xi_lin_1 (xi_linilv);
xi_lin_2 (xi_1in2v);
xi_lin_3 (xi_1in3v);
! Occasion-specific (common) state residual
! factors (zeta_t).
! Assume Measurement invariance of the state residual
! factor loadings (gamma_it=gamma_is) .
zetal by yil1e@1
y21 (gamma2)
y31 (gamma3);
zeta2 by yl201
y22 (gamma?2)
y32 (gamma3);
zeta3d by yl3@1
y23 (gamma?2)
y33 (gamma3) ;
zetad by yl4el
y24 (gamma2)
y34 (gamma3);
! Set intercepts of state residual factors to zero.
! (would otherwise be estimated as the default in Mplus)
[zetal-zetad@0] ;
! Variances of zeta.
zetal (zetalvar);
zeta2 (zetalvar);
zeta3 (zeta3var);
zetad (zetadvar);
! Intercepts factors (alpha loadings).
! Set the intercept loadings (alpha_it) on
! all indicators to O as required by the model.
! Intercepts.
! Set to 0, as required by the model.
[y11@0 y21@0 y31@0];
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[y12@0 y22@0 y32@0];

[y13@0 y23@0 y33@0];

[y14@0 y240@0 y34Q0];

! Estimate the Error Variances.

y11 (evil); y21 (ev21); y31 (ev3l);
y12 (ev12); y22 (ev22); y32 (ev32);
y13 (ev13); y23 (ev23); y33 (ev33);
y14 (evid); y24 (ev24); y34 (ev34);

! Non-admissible correlations.
xi_int_1-xi_int_3 with zetal-zeta4@oO;
xi_lin_1-xi_lin_3 with zetal-zeta4QoO;
zetal with zeta2-zetad@oO;

zeta2 with zeta3-zetad@oO;

zeta3d with zetad@0;

OUTPUT: sampstat stdyx;
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Appendix H
Monte-Carlo Simulation for the Indicator-specific Growth Model
A Monte-Carlo simulation study was conducted to study the behavior of the indicator-
specific growth model (ISGM) under a variety of conditions. Population parameters were
generated for five different conditions that were fully crossed. These included the number of
time-points (time; 3 levels), sample size (N; 5 levels), consistency (con; 3 levels), intercept
and slope correlations (corr; 3 levels), and effect-size for mean change based on Cohen’s d
(cohen; 4 levels). The size of this simulation was thus (3 x 5 x 3 x 3 x 4) = 540 cells.

In our choice of parameter values and other conditions, we included conditions that
could be seen as somewhat extreme. This was done in order to “test the limits” of the
ISGM, that is, to examine the conditions under which the model might fail. Specifically,
we included low sample size conditions (N=100; 150; 200), conditions of low consistency
(.2;.5), and high (.9) as well as low (.1) intercept/slope factor correlations. These parameter
values, especially the low consistency and high correlation conditions were expected to bring
the model to its limits, given that low consistency means weakly-defined trait factors and
high correlations could make the model prone to improper solutions (correlation estimates
> 1.0).

Algorithm 1 Generation of ISGM Population Parameters for the Simulation
for ¢t =1 to {time}

var ((;) = 1.0
end
for i=1 to 3

var (Vi) =1

Con (131) = {Con} + ~ N (0,0.025)

Rel (Yi1) = 0.73+ ~ N (0,0.025)

(81'1) =1—Rel (Yﬂ)

var (7;1) = var (Yi1) — var (€;1)

( inti) = Con (Til) - var (Tﬂ)

var (&lin; ) = 0.05 - var (&int,)

¥i = v/var (1;1) — var (ns,)

for t = 2 to {time}
var (7;) = var (&nt,;) + (t — 1)2 var (&in,) + 72 var (¢
var (g;) = var (13¢) - (1 — Rel (Yi1)) + ~ N (0,0.03)
var (Y;) = var (1) + var (e4)

end

end

fori=1to3
for j=1to3

cov (fint“ fintj) = {corr} - \/‘Wﬁ [var (fintj)
cov (glinm glin]) = {COI‘I“} Y, var (glini) \/ var (glinj)
d

en
end
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Table H1
Simulation Parameters Used to Identify Population Values for the ISGM.

Parameter (abbreviation)  Levels Description
Number of time ={3,4,5}
points (time)
Sample size (N) = {100, 150, 200, 300, 500}
m " [Con (1;
Average Consistency (con) = {0.8,0.5,0.2} Lt Z;r:Ll[n ( t)},
int; -1 2 in;
Con (73¢) = var (§int, ) + (¢ )" var (&in, )
var (7it)
Intercept and slope ={0.9,0.5,0.1} corr (fint“£i1ltj) , COIT (gm,i,glmj)
correlations (corr)
FE (&iin,
Effect-size based ={0.0,0.2,0.5,0.8} _E )
on Cohen’s d (cohen) var (in )
m ? [Rel(Y:
Average Reliability (rel) ~ {0.8} 2in Zrtn:lr[L ( t)},
Rel (i) = Y (&int,) + (t — 1)% var (&in,) + 74 var (&)
var (Yit)
Trait-growth correlations  {0.0} corr (finti , &lin J) for all 4, j
Trait means and {0.0} E (&nt,), o for all ¢
indicator intercepts
Trait/growth variance ratio {0.05} var (in; ) for all ¢
var (&int, )
Note. Parameters not listed were identified through constraints with other parameters as given in Algorithm 1.
i=1,...,4,...,m, indicates the manifest variable or indicator. ¢t = 1,...,s,...n indicates the time point.

Method

There were two main steps involved in developing the simulation inputs, a) generation
of the population parameters, and b) specification of the models. The general idea in
generating population parameters was to use the approximate parameter levels shown in
Table H1 for consistency, correlations, reliability, and cohen’s d, but allow for some variation
across conditions to obtain a more realistic scenario. Throughout this process, it was
necessary to make some arbitrary assumptions concerning the value to which particular
parameters were set. For example, observed variances for the first time point (Y;1) were
set to 1.0, as were state residual variances var ((;). The relations among model parameters,
indicator reliability, consistency, total observed variance, and some randomness were all
used to determine the true values for population parameters. This led to the development
of Algorithm 1, which was implemented in Matlab, and led to population values within the
desired range.

The Monte Carlo facility of Mplus was then used for the analysis both to generate
samples from the given population values, and to fit the corresponding correctly specified
latent growth models to the simulated data over 1,000 replications per cell. The total
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number of models fit for this simulation was thus 540,000. For these models, invariance
of state residual factor loadings was assumed, and the first factor loading (v;) was fixed
to the known population value for each time point as required for model identification.
Correlations/covariances between trait and slope factors were not estimated, but were fixed
to 0. This specification was chosen mostly to simplify the variance decomposition, leading
to a simpler algorithm for the generation of the remaining population parameters. Ex-
pected values for latent trait and slope factors [E (§int,) , £ (&1in, )], trait and intercept factor
variances [var (&int, ) , var (&lin,; )], state residual variances [var ((¢)] state residual factor load-
ings for non-reference indicators (72,73), error variances [var (g;)], intercept correlations

[corr <§inti,§mtj)}, and slope correlations |corr ( &y, §1inj were all estimated.

Criteria for Evaluating the Performance of the Models

Six criteria were used to evaluate the performance of the ISGM: 1) non-convergence,
2) improper solutions, 3) x? distribution approximation, 4) parameter estimation bias, 5)
standard error bias, and 6) coverage. These criteria are discussed below.

Non-convergence. For non-convergence, we recorded the number of replications
for which the estimation process did not converge after 1000 iterations. The percent con-
vergence was then computed, which is given by

number of replications with no convergence after 1000 iterations < 100

Y%convergence = —
number of replications requested

Improper Solutions. Two types of improper solutions were evaluated. The first
type refers to the number of replications with a non-positive definite (npd) residual covari-
ance matrix, © (theta). These will be referred to as ©® warnings. The second type refers
to the number of replications with a npd latent variable covariance matrix, ¥ (psi). These
will be referred to as ¥ warnings.

x? Distribution Approximation. The adequacy of the x? distribution approx-
imation was assessed by comparing the observed x? distribution across replications with
the theoretical x? distribution. This helps to evaluate whether the empirical y? value is
appropriate to assess model fit. If the theoretical x? distribution is not sufficiently approx-
imated in a certain cell of the simulation design, this would indicate that the theoretical
x? distribution cannot be used in this case to obtain a valid p-value for the empirical 2
statistic.

In order to get a single representative statistic for each model, the fit was assessed by
creating a mean of the observed differences,

2 2
2 Xexpected ~ Xobserved

2
stat = ,
X N

2 . . 2 . . .
where Xexpecte q1s the proportion expected, and Xobserved 18 the corresponding proportion

observed. The sum in the numerator is made over thirteen expected proportions given in
Mplus: .99, .98, .95, .90, .80, .70, .50, .30, .20, .10, .05, .02, and .01; N in the denominator
is equal to 13.
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Parameter Estimation Bias. The parameter estimation bias is a measure of the

accuracy with which the true population parameters are reproduced and is given by
peb = M’
€p

where M, is the mean of the parameter estimates over all replications and e, is the parameter
value in the population. Values of less that .10 for peb are generally considered acceptable.

Standard Error Bias . The standard error bias is a measure of the reliability of
the reported standard error values, and is useful in determining the appropriateness of tests
of significance of the model parameters. High bias values for the standard error indicate
that significance tests may be unreliable (increased type I or type II errors). The standard
error bias is given by
Msg — SD),

b =
se SDp y

where Mgy is the mean of the standard errors over all replications, and SD,, is the standard
deviation of the estimated model parameters over all replications.

Coverage. Coverage refers to the proportion of replications for which the 95%
confidence interval actually contains the true population value. The nominal value for
coverage is .95.

Results

Non-convergence. The total number of non-converged replications was 173,305,
which represented 32% of the 540,000 total replications requested. Although this number
seems large, the distribution of non-converged solutions was heavily skewed, with 37%
of the cells having fewer than 10% non-converged solutions. The simulation results were
further examined using a regression analysis to identify the factors that were most strongly
related to non-convergence. The regression models and R? values are shown in Table H2.
The most important factors were the number of time points, the level of trait consistency,
and sample size. This can be seen in Figure H1, which shows observed proportions of
non-converged solutions grouped by condition. While the proportion of non-converged
solutions was unacceptably high (.91) for the worst condition tested (sample size = 100,
consistency = .2, and only 3 time-points), non-convergence dropped below .001 (i.e., 0.1%)
when consistency was above .5 and five time-points were present.

Improper Solutions. The total number of improper solutions due to npd © matri-
ces was 910, which is less than 0.2%. The overall number of solutions with npd ¥ matrices
was much higher (132,954 or 25%), and sometimes exceeded 50% of the total number of
replications requested for a cell. Of the 132,954 replications with a W warning message,
117,335 (88%) contained at least one improper parameter estimate, and 15,619 (12%) had
none. The absence of improper estimates when ¥ warnings are present indicates that the
¥ warning is due to a linear dependency among parameters. There were a total of 191,864
improper parameter estimates, since there were multiple improper parameter estimates for
some replications. Of the 191,864 improper parameter estimates, 177,805 (93%) were out
of range (i.e., >1.0) slope correlations, 11,761 (6%) were improper (i.e., >1.0) intercept
correlations, and 2,298 (1%) were accounted for by other latent variable parameters.
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Table H2
Regression Results for Non-convergence, Improper Solutions, and x? statistic.

Criteria Model R?

(Non-)convergence
converged ~ time b1
converged ~ N .08
converged ~ con .34
converged ~ cohen .00
converged ~ corr .00
converged ~ time + con .85

converged ~ time + con + N .93
Improper solutions: ©

© ~ time .08
©~N .20
© ~ con .06
© ~ cohen .00
© ~ corr .02
© ~ N + corr .22
© ~ N + corr + time .30
© ~ N*corr*time - N:corr:time .51
O ~ N*corr*time .52
Improper solutions: W
U ~ time .02
¥ ~N .00
U ~ con .00
W ~ cohen .00
U ~ corr .62
U ~ time + corr .65
¥ ~ time*corr .71
x? statistic
x? stat ~ time .46
x? stat ~ N .35
x? stat ~ con .01
x? stat ~ cohen .00
x? stat ~ corr .00
x? stat ~ time + N .81
x? stat ~ time*N .97

Note. Regression models are presented in Wilkinson-Rogers (1973)
notation (for example, a*b indicates that terms a, b, and the prod-
uct a*b were used in the regression; a + b indicates that only a and b
were used; a*b - a:b is equivalent to a + b, as - a:b denotes that prod-
uct a*b was excluded). converged = the number of replications that
converged, ¥ = number of replications with an improper residual co-
variance matrix, © = number of replications with an improper latent
variable covariance matrix, x? stat = a composite measure of the ad-
equacy of the x? distribution approximation, con = consistency, N =
sample size, time = the number of time points, cohen = effect size for
mean change based on Cohen’s d.
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Figure H1. Proportion of non-converged replications, grouped by condition; N = sample
size, con = consistency. The proportion of non-converged replications tended to decrease
as sample size, consistency, and the number of time points increase.

The results of a regression analysis on each of these warning messages is shown in
Table H2. These analyses revealed that while uncommon overall, © warnings occurred most
often when the latent correlations, number of time points, and sample size were lowest. The
number of U warnings was highest when the latent correlations were high (0.9), which is
expected, since high correlations make the occurrence of correlation estimates greater than
1.0 due to sampling error more likely, especially in smaller samples. This behavior can be
seen graphically in Figure H2, which shows the proportion of improper solutions grouped
by the number of time points and level of correlation.

x? Distribution Approximation. The results for the x? distribution approxima-
tion indicated that the theoretical x? distribution was generally well-approximated, with an
average difference between expected and observed proportions below 0.1 in all conditions.
Table H2 shows the R? fit statistics for the regression analysis, which indicated that the
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Figure H2. Solutions with an improper residual covariance matrix, © (theta) or an improper
latent variable covariance matrix, ¥ (psi).

number of time points and the sample size were the best predictors for a deviation between
the theoretical and empirical x? distributions. The largest magnitude of differences between
expected and observed proportions occurred when the sample size was low, and the number
of time points was high. This dependency can be seen in Figure H3.

Parameter Estimation Bias. The performance criteria discussed previously (non-
convergence, improper solutions, and x? statistic) all resulted in a single metric for each
model. In contrast, the final three criteria (peb, seb, and coverage) provide a performance
value for each parameter estimated in the model. The average peb for most parameters
was less than 0.1, which can be seen in Figure H4A. This indicates that estimates of these
parameters tended to be well approximated. The peb for the expected value of the trait

Average difference between expected and observedx? proportions

e 2 9 9 o o o
o 9 © o 9o o o
N ® & O & N ®

Average difference between expected
and observed proportions

o
o
2

Figure H3. x? Distribution Approximation. The average absolute distance between the
expected and observed proportions of the y? distribution.
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AVZA L

Figure Hj. Parameter estimation bias proportion histograms. A: The parameters (front
to back) are: a2, v3, var (&nt, ), var (&nt, ), var (ints ), var (€11), var (€21), var (e31), var (€12),
var (g22), var(es2), var(e13), var(e23), var(ess), var(eia), var(eas), var(ess), var(eis),
var (g95), var(ess), var((y), var((2), var((s), var((y), and var((;). B: The parame-
ters (front to back) are: var (&, ), var (&liny), var (&ling), €orr (&int,, &ints), €OIT (&int, » Eints )s
cort (&iiny » &ling ), €OTT (&liny » Eling ), COTT (Eling, Eling ) -
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intercept and growth factors could not be estimated since the population values were set
to 0. However, these parameters were also approximated well; the mean difference between
the population and estimated values was 0.00, and the standard deviation was 0.003. The
peb for the intercept correlations [corr <§inti» &ntj)], slope correlations [corr (flini , fhnj>], and
growth factor variances [var (§in,)] was higher, as seen in Figure H4B. The average peb of
the intercept correlations was -0.26, with a standard deviation of 0.80. The average peb for
the slope correlations was 0.33 with a standard deviation of 1.51. The average peb for the
growth factor variances was positively skewed, with a mean of 0.87 and a standard deviation
of 1.55.

A separate regression analysis was performed to examine the most important factors
causing peb for each parameter. The R? values resulting from this regression are shown in
Figure H5. Due to the high peb values observed for the growth factor variances, the intercept
correlations, and the slope correlations, these were investigated further to determine the
conditions under which high peb levels occurred. For this, an overall peb metric for each
parameter set was made by averaging the absolute bias value for each parameter with
other model parameters from that set. The R? fit for the regression with the combined
peb metrics is shown in Table H3. The peb for the growth factor variances was highest the
lower the level of consistency, sample size, and number of time points. This is demonstrated

0.6
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varEps13
varEps32
varEps22
varEps12
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VarXiLin2
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VarXilnt3
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corrint23

corrintl3

corrintl2

gamma 3

gamma 2

orrldx

nldx

timeldx

Figure H5. R? values for regression of parameter estimation bias by time, N, cohen, and
corr. Parameters not estimated in all conditions [e.g., var (€14—35), var ((4—5)] were omitted.
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Table H3

Regression Results for peb, seb, and Coverage

Criteria Model

RQ

var (&iin; ) corr (&nti,&ntj) corr (€1ini,£1mj)

Parameter estimate bias

peb ~ time 31
peb ~ N .06
peb ~ con .29
peb ~ cohen .00
peb ~ corr .00
peb ~ time*con .82
peb ~ time*con + N .89
peb ~ time*con*N .99
peb ~ time*con + corr .83
peb ~ time*con*corr .83
Standard Error Bias
seb ~ time 0.48
seb ~ N 0.04
seb ~ con 0.41
seb ~ cohen 0.00
seb ~ corr 0.00
seb ~ time*con 0.93
seb ~ time*con + N 0.96
seb ~ time*con*N 0.99
seb ~ time*con + corr 0.93
seb ~ time*con*corr 0.93

Coverage
cover ~ time
cover ~ N
cover ~ con
cover ~ cohen
cover ~ COIT
cover ~ corr*con
cover ~ corr*time
cover ~ corr*con*time
cover ~ corr*con*N

.02
.03
15
.00

18
.20
.24
.30
.38
.69

.01
.01
.03
.01
.00
.06
.07
15
.06
.10

.00
.02
.07
.00
7
91
.78
.92
98

.08
.01
A2
.00
32
.23
.24
27
.56
.86

.00
.02
.01
.01
.00
.02
.04
12
.02
.05

14
.03
.05
.00
42
.b4
.66
.88
.60

Note. Regression models are presented in Wilkinson-Rogers (1973) notation. peb = parameter es-
timation bias, seb = standard error bias, cover = the proportion of replications for which the 95%
confidence interval contains the true population value, con = consistency, N = sample size, time = the
number of time points, cohen = effect size for mean change based on Cohen’s d.
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graphically in Figure H6. The peb for the intercept and slope correlations behaved similarly.
Parameter estimate bias was highest the lower the actual level of correlation, consistency,
and number of time points. This is depicted in Figure H7, which also demonstrates that
intercept correlation estimates were less biased than the slope correlations.

Standard Error Bias . Standard error bias for the estimated parameters is shown
in Figures H8 and H9. The seb for the parameters in Figure H8 was low, suggesting that
tests of significance for these model parameters were reliable. As with peb, three sets of
parameters were the exception to this rule: the intercept correlations, slope correlations,
and growth factor variances. Of these, the standard error of the growth factor variances
was the least biased, with a mean of 0.21 and a standard deviation of 0.21. The mean seb
for intercept correlations was 0.25, and the standard deviation was 2.56, while the mean
seb for slope correlations was 24.8, with a standard deviation of 263.

The seb regression results for most parameters are shown in Figure H9. From this
plot, we see that for most parameters, seb is predicted by the number of time points and the
sample size. For the trait and growth variances, consistency is also a strong predictor. The
conditions which produced high seb values for the correlations and growth factor variances
was again investigated further using a combined seb metric for each parameter set. The
models and R? values are shown in Table H3.

Differences between conditions with respect to seb for the growth factor variance was
explained by consistency, sample size, and number of time points in the expected way, as
shown in Figure H10. As indicated by the regression results, no clear set of conditions was
found that linearly predicted the seb for the intercept and slope correlations, which was
large for most cells. However, the condition with the highest number of time points (¢ = 5),
highest consistency (Con = 0.8), and highest sample size (N = 500) produced a mean seb
of 0.01 with a standard deviation of 0.002 for both the intercept and slope correlations,
which can be seen as good.

Coverage. The average coverage for each parameter is shown in Figure H11. As
depicted in the graph, coverage values for most parameters were well approximated. The
intercept and slope correlations were the only parameters for which the coverage values were
low enough to be of concern. Coverage for intercept correlations were the lowest, followed
by slope correlations. Regression was again performed on the coverage for each separate
parameter, as shown in Figure H12. Coverage was most heavily dependent on the level of
correlation for both intercept and slope-slope correlations, which can also be seen from the
regression values shown in Table H3. Figure H13 shows the average coverage by condition
for intercept correlations, and Figure H14 shows the average coverage for slope correlations.
For both of these sets of parameters, coverage was highest when the population correlation
was 0.5. Coverage was low when the correlation was either very high or very low. The
second most important factor for both sets of correlations was consistency. Coverage for
intercept correlations was higher when consistency was high. For slope correlations the
same general trend is true for the 5 time point condition and also for the condition with
4 time points. Coverage for intercept correlations did not depend on the number of time
points, while coverage for the slope correlations did. Sample size was more important in
the coverage for intercept correlations than for slope correlations.
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Figure H6. Parameter estimation bias for growth factor variances, var (§in, ).

Summary and Discussion

Overall, this Monte Carlo simulation revealed that the ISGM performs well under
a range of conditions, but also clearly indicated conditions under which estimation prob-
lems become more likely with this model. Non-convergence occurred mostly in extreme
conditions, that is, when consistency, sample size, and the number of time points were low
(growth models are not typically used when consistency is as low as in the current study,
so this condition is of relatively little practical concern). Non-convergence was not an issue
when the level of consistency was high, the sample size was at least 300, and measurements
were available for at least 4 time points. Solutions with an improper residual covariance
matrix (0) were uncommon (less than 0.2% overall). Replications with an improper latent
variable covariance matrix occurred much more frequently in general, and particularly when
population correlations were close to 1.0. The theoretical x? distribution was generally well-
approximated, with average difference between expected and observed proportions below

o7
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Figure H7. Parameter estimate bias for intercept correlations (top row), and slope correla-
tions (bottom row).

.10 in all conditions. Interestingly, the size of the design had a negative effect on the x?
distribution approximation. This is in line with a study by Kenny and McCoach (2003),
who also found that CFI and TLI also tend to worsen with the size of design, while RMSEA
tends to improve. Most model parameters were accurately reproduced (see Figure H4A),
and the corresponding standard error estimates for these model parameters were reliable
(see Figure H8). Therefore, both estimated values and inferences made based on these
parameter estimates are generally trustworthy, except for the conditions described below.
Three sets of parameters and the corresponding standard errors were not always
accurately estimated. These include growth variances, intercept covariances, and slope
covariances. Estimates of growth factor variances and the accompanying standard errors
were most biased when the level of consistency, number of time points, and sample size was
low. These are the same conditions that led to more frequent model non-convergence.
Parameter estimate bias and standard error bias for intercept and slope correlations
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Figure H8. Standard Error Bias. The parameters (front to back) are: o, v3, E (&int,),
E(&intg)’ E(gintg)a E(flin1)7 E(glinz)a E(fhng)? var (gintl)’ var (gintz)a var (gintg)a var (511)7
var (91), var (e31), var (e12), var (e92), var(e32), var(e13), var(ea3), var(ess), var(eiq),
var (g94), var(es4), var(eys), var(eg5), var(ess), var((y), var((2), var((3), var((y), and

var (s).

were high when consistency, correlation, and number of time points were low. Standard
error bias was particularly high for slope correlations except under the condition with the
highest consistency, correlation, and number of time points. Coverage for the correlation
estimates was the highest (average = .935) when the correlation was in the middle range
(0.5). Coverage for all parameters except the intercept and slope correlations was very close
to the nominal value of .95 (within 1.3%) under all simulation conditions.

In summary, in this simulation we assessed a range of conditions, including extreme
conditions of low sample size, low consistency, and high and low latent correlations. This
was done in order to give the model a “chance to fail” and to clearly identify conditions
under which estimation problems should be expected to occur. Our results indicate that
the ISGM shows problems in small samples (N < 200), which is not unexpected for a com-
plex growth model. We therefore recommend that larger samples (N = 300 or larger) be
used for this model. We also found that situations with low consistency (i.e., weakly de-
fined growth factors) can be problematic, especially when other conditions are suboptimal
as well. Low consistency means that most of the true score variance is due to state vari-
ability processes (situational effects or person by situation interaction effects). We suspect
that in these cases, the empirical identification of growth factors becomes more difficult,
leading to estimation problems. In such cases, a researcher could consider simpler models
(e.g. LST models without growth components) that focus exclusively on state-variability
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Figure H9. R? values for regression of standard error bias by time, N, cohen, and corr.
Parameters not estimated in all conditions [e.g., var (e14-—35), var ({4—5)] were omitted.

processes. Another problematic condition (in terms of improper solutions) was the size of
the correlation between growth factors. The size of these correlations indicates the degree
of homogeneity of the indicators. Very high correlations (.9) indicate that it is hard to dis-
tinguish between the trait components of different indicators, showing that these indicators
are essentially homogeneous. In these cases, researchers may consider simplifying the model
by choosing a model with general (as opposed to indicator-specific) growth factors (i.e., the
SGM or GSGM instead of the ISGM).

The ISGM appears to be most suitable when the level of trait (or growth) variance is
substantial relative to occasion-specific (state residual) variability and when trait/growth
correlations are substantial, but not too high. This makes sense, as this model is designed
to model trait-change processes with related, yet heterogeneous indicators. Another inter-
esting finding of this simulation study was the positive effect of the number of time points
on various measures of model performance. Our results showed that the common recom-
mendation according to which researchers should use at least four (and preferably more)
time points when modeling growth was confirmed for the ISGM. Having a larger number of
time points clearly helped the model to perform better in otherwise suboptimal conditions.
We therefore recommend that researchers using the ISGM collect data on at least four—and
preferably more—measurement occasions.
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Figure H11. Mean Coverage. The parameters (left to right) are: va, v3, E (&nty), E (&ints ),
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Figure H12. R? values for regression of coverage on time, N, cohen, and corr. Parameters
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